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PREFACE

The designs presented here are for experiments with

some factors at two levels and other factors at three levels

o

These designs were developed in the Statistical Engineering

Laboratory of the National Bureau of Standards under a pro-

gram sponsored by the Bureau of Ships_, Department of the

Navy. The work was performed under the direction of

W. S. Connor. Professor R. C. Bose served as consultant

and contributed to the development of related theory.

Shirley Young performed most of the work of constructing

the designs and working out the corresponding estimates,

Carroll Dannemiller devised an electronic computer program

which was used to check the normal equations. A program

previously developed by R, C. Burton was used to generate

n
treatment combinations from 3' factorials. Also, Burton

participated during the summer of 1958 in certain aspects

of construction. Lola S, Doming supervised the preparation

of the manuscript in final form.
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1. Introduction

This catalogue is the sequel to [l] and [2], It

contains fractional factorial designs for use in experiments

which investigate m factors at two levels and n factors at

three levels. A design has been constructed for each of

the 39 pairs (ra, n) included from m + n = 5 through

m + n = 10, (m, n 0) . The design for (m, n) is designated

DESIGN .

It is believed that the method of construction des-

cribed in section 2 is new. Morrison [3] published several

designs which can be constructed by the present method, and

his paper was an inspiration to the authors in formulating

their method.

Section 3 contains a description of the mathematical

model, and of how to estimate the parameters contained in

the model. Section 4 contains a discussion of how to test

hypotheses and construct confidence intervals. A worked

example is presented in section 5.
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2. Construction of Designs

The designs are constructed by associating not neces-

R1sarily distinct fractions 82 ^ from the 2

complete factorial with not necessarily distinct fractions
I r f

Sf, from the 3 complete factorial. The frac-
f

tions and (i = 1 , 2 , t) are obtained by conven-

tional methods which have been described, for example, in

[4, 5 ]. The association is such that every treatment

combination in is adjoined to every treatment combination

in thus forming treatment combinations from the 2^‘^3^

complete factorial. The resulting fraction from the 2^3^

complete factorial may be denoted by

(2 . 1 )

3 2
To illustrate, consider the 2 3 complete factorial,

which contains 72 treatment combinations. The three factors

with two levels will be denoted by A^, and and the

3
two factors with three levels by and B

2 .
The 2 complete

factorial may be fractionated into tv/o distinct sets and

S
2

by finding the treatment combinations (x^ Xg ^
3 );

(x . = 0, 1; j = 1, 2, 3) having x’s which satisfy
J

(2.2) x^ + Xg + = 0 and + Xg + x^ = 1 (mod 2),

respectively. These sets are as follows;
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(2.3)

Sets of Treatment Combinations

from the 2^

tl

0 0 0

110
10 1

Oil

^1 ^2 ^3

111
10 0

0 10
0 0 1

2
The 3 complete factorial may be fractionated into

t » f

three distinct sets , ^2 ' ^3 finding the treat-

ment combinations (z^ Zg) , (zj^ == 0, 1, 2; k = 1, 2) ,

having z*s which satisfy

(2.4) z^ + Zg = 0, z^ + Zg = 1, Zj^ + Zg = 2 (mod 3),

respectively. These sets are as follows;

Sets of Treatment Combinations

from the 3^

(2 . 5 )

®1 ^2

0 0

1 2

2 1

®1 ®2

1 0

0 1

2 2

0

1

0

2
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3 2
The fractional design from the 2 3 complete factorial

consists of the following treatment combinations:

Treatment Combinations in the

(2.6) Fraction from the 2^3^

A 1^2 A.1^21^3 B.1^2 A.1^2J^3
B 1®2

0 0 0 0 0 (85.9) 0 0 1 0 1 (88 . 9 ) 0 0 1 0 2 (139.0)
0 1 1 0 0 (99.3) 0 1 0 0 1 (78 . 4 ) 0 1 0 0 2 (153.8)
]. 0 1 0 0 (119.8) 1 0 0 0 1 (42.0) 1 0 0 0 2 (180.0)
1 1 0 0 0 (115.5) 1 1 1 0 1 (142.0) 1 1 1 0 2 (172.4)

0 0 0 1 2 (118.3) 0 0 1 1 0 (94.9) 0 0 1 2 0 (184.0)
0 1 1 1 2 (115.4) 0 1 0 1 0 (110.4) 0 1 0 2 0 (93.0)
1 0 1 1 2 (184.9) 1 0 0 1 0 (92.8) 1 0 0 2 0 (96.9)
1 1 0 1 2 (161.7) 1 1 1 A 0 (167.2) 1 1 1 2 0 (172.7)

0 0 0 2 1 (127.6) 0 0 1 2 2 (153.9) 0 0 1 1 1 (125.7)
0 1 1 2 1 (166.8) 0 1 0 2 2 (184.3) 0 1 0 1 1 (102.7)
1 0 1 2 1 (158.6) 1 0 0 2 2 (114.3) 1 0 0 1 1 (131.2)
1 1 0 2 1 (138.6) 1 1 1 2 2 (199.9) 1 1 1 1 1 (223.7)

These treatment combinations may be denoted concisely by

(2.7) SgSg SgSg .

The numbers in parentheses will be used subsequently for a

numerical illustration.

This fractional factorial design contains 36 treatment

combinations, and is a one-half fraction of the complete

3 2
It appears in this catalogue as DESIGN 2 3 .factorial

.
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3 2
In DESIGN 23 , the expression (2.7) is called the

f

’’Experimental Plan", and indicates how the sets and ,

which are given under "Construction", are to be associated

to form the treatment combinations (2.6). The actual for-

mation of the treatment combinations in (2.6) is left to

the reader.

This form is followed for all of the designs in the

catalogue.

3. Estimation of Effects

The response to the treatment combination

(x^ X
2 ... x^ Zg ... z^) will be denoted by Y (x^ ...

^m ^1 ^2 **'
^n^ ^ expected value of the response

by T| (x^ Xg ... x^^ z^ Zg ... z^) . The expected value of

the response is expressible as a linear function of certain

parameters which are called the grand average, main effects,

and tv/o-factor interaction effects.

In the linear function corresponding to a treatment

combination, the coefficient of the grand average |x is 1 ,

but the coefficients of the other parameters depend on the

treatment combination. If the factor A is at level 0 ,

then the coefficient of the main effect of A — also de-

noted by A is -1; but if at level 1 ,
then the coef-
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ficient is The coefficient of the interaction A. A./
J 3

between the two factors A. and A./ is the product of
J J

the coefficients of the component main effects, as is shown

in the following table:

(3.1) Coefficients of Pure A Effects

Coefficients

Factor Levels Main Effects Interaction

A.
J "y A.

J
A.,
J

A. A.,
J J

0 0 -1 -1 1

1 0 1 -1 -1

0 1 -1 1 -1

1 1 1 1 1

For a B factor there are two parameters which correspond

to the main effect, viz., the linear effect B and the

2
quadratic effect B . For the levels 0^ 1, and 2, the

coefficients of B are -1, 0, and 1, respectively, and the

2
coefficients of B are 1, -2, and 1, respectively.

For two factors Bj^ and / f there are four inter-

2 2 2 2
action parameters, viz., ^ ^ ^ ®k®k'

The coefficients of these parameters are the products of

the coefficients of the component main effects, as follows:
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(3.2) Coefficients of Pure B Effects

Coefficients

Factor Levels Main Effects Interactions

\
CM

CQ o2

0 0 0 -1 -1 1 1 -1

1 0 0 0 -1 1 0 0

2 0 0 1 -1 1 -1 1

0 1 1 -1 0 -2 0 2

1 1 1 0’ 0 -2 0 0

2 1 1 1 0 -2 0 -2

0 2 2 -1 1 1 -1 -1

1 2 2 0 1 1 0 0

2 2 2 1 1 1 1 1

Coefficients

Factor Levels Ma in Effects Interactions

«2 2 2 2 2„ 2 24 4 ' Bk ' ®
k ' 44 '

0 0 0 1 -1 1 -1 1

1 0 0 -2 -1 1 2 -2

2 0 0 1 -1 1 -1 1

0 1 1 1 0 -2 0 -2

1 1 1 -2 0 -2 0 4

2 1 1 1 0 -2 0 -2

0 2 2 1 1 1 1 1

1 2 2 -2 1 1 -2 -2

2 2 2 1 1 1 1 1



For two factors A and B ) there are two interaction

2
parameters, viz., AB and AB . The coeffcients of these

parameters, too, are the products of the component main effects,

thus

:

(3.3) Coefficients of Mixed A, B Effects

Coefficients

Factor Levels Main Effects Interactions

A B B^ A B b2 AB AB^

0 0 0 -1 -1 1 1 -1

1 0 0 1 -1 1 -1 1

0 1 1 -1 0 -2 0 2

1 1 1 1 0 -2 0 -2

0 2 2 -1 1 1 -1 -1

1 2 2 1 1 1 1 1

These rules will be illustrated for DESIGN 2^3^
,

3 2
which is a one-half fraction of the 2 3 complete factorial.

In (3.4) the expected responses for all 36 treatment combi-

nations are expressed as linear functions of 27 parameters.

The column vector p contains the following elements in the

order given;

M. , A^ ’ ^2 , A^ , ^1^2 ' A1A3 ,

A2A3 , Bi , , ^2 , ^2 ,

’ ,
B^B^ , A^B^ A^Bg ,

^2^1 , A2B^ , A2B2 , A2B2 , A3B1 ,

. .,2
A^Bf , ^3®2 ^ ^3®2
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( 3 . 4 ) Expected Responses of the Treatment Combinations
3 2

in Design 2 ' 3 Expressed as Linear Functions

of the Grand Average and Main and

Interaction Effects

0 0 0 0 0 111 -1 1 -1 1 1 -1 -1 1 1-1 1-1 1-1 1-1 1-1 1-f
0 1 1 0 0 1-1 1 1 -1-1 1 -1 1 -1 1 1 -1 ~i 1 1-1 1-1 -1 1 -1 1 -1 1 -1 1

1 0 1 0 0 1 1-1 1-1 1-1 -1 1 -1 1 1 -1 -1 1 -1 1 -1 1 1-1 1-1 -1 1 -1 1

1 1 0 0 0 1 1 1-1 1 -1-1 -1 1 -1 1 1 -1 -1 1 -1 1 -1 1 -1 1 -1 1 1-1 1-1

0 0 0 1 2 1 _ 1 _1_1 111 0 -2 1 1 0 0 -2-2 0 2 -1-1 0 2 -1-1 0 2 -1-1
0 1 1 1 2 1-1 1 1 - 1-1 1 0 -2 1 1 0 0 -2-2 0 2 -1-1 0-2 1 1 0-2 1 1

1 0 1 1 2 1 1-1 1-1 1-1 0 -2 1 1 0 0 -2-2 0-2 1 1 0 2 -1-1 0-2 1 1

1 1 0 1 2 1 1 1-1 1 -1-1 0 -2 1 1 0 0 -2-2 0-2 1 . 1 0-2 1 1 0 2 -1-1

0 0 0 2 1 1 _ 1 _1_1 111 1 1 0 -2 0 -2 0-2 -1-1 0 2 -1-1 0 2 -1-1 0 2
0 1 1 2 1 1-1 1 1 -1-1 1 1 1 0 -2 0 -2 0-2 -1-1 0 2 1 1 0-2 1 1 0-2
1 0 1 2 1 1 1-1 1-1 1-1 1 1 0 -2 0 -2 0-2 1 1 0-2 -1-1 0 2 1 1 0-2
1 1 0 2 1 1 1 1-1 1 -1-1 1 1 0 -2 0 -2 0-2 1 1 0-2 1 1 0-2 - 1-1 0 2

0 0 1 0 1 1 -1-1 1 1 -1-1 -1 1 0 -2 0 2 0-2 1-1 0 2 1-1 0 2 -1 1 0-2
0 1 0 0 1 1_1 1 -1-1 1-1 -1 1 0 -2 0 2 0-2 1-1 0 2 -1 1 0-2 1-1 0 2
1 0 0 0 1 1 l - l - l -l-l 1 -1 1 0 -2 0 2 0-2 -1 1 0-2 1-1 0 2 1-1 0 2
1 1 1 0 1 1111111 -1 1 0 -2 0 2 0-2 -1 1 0-2 -1 1 0-2 -1 1 0-2

0 0 1 1 0 1 -1-1 1 1 -1-1 0 -2 -1 1 0 0 2-2 0 2 1-1 0 2 1-1 0-2 -1 1

0 1 0 1 0 1-1 1 -1-1 1-1 0 -2 -1 1 0 0 2-2 0 2 1-1 0-2 -1 1 0 2 1-1
1 0 0 1 0 1 l - l - l -l-l 1 0 -2 -1 1 0 0 2-2 0-2 -1 1 0 2 1-1 0 2 1-1
1 1 1 1 0 1111111 0 -2 -1 1 0 0 2-2 0-2 -1 1 0-2 -1 1 0-2 -1 1

0 0 1 2 2 1 -1-1 1 1 -1-1 1 1 1 1 1 1 1 1 - 1-1 -1-1 -1-1 -1-1 1 1 1 1

0 1 0 2 2 1-1 1 -1-1 1-1 1 1 1 1 1 1 1 1 -1-1 -1-1 1 1 1 1 -1-1 -1-1
1 0 0 2 2 1 l - l - l -l-l 1 1 1 1 1 1 1 1 1 1 1 1 1 -1-1 -1-1 -1-1 -1-1
1 1 1 2 2 1111111 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1

0 0 1 0 2 1 -1-1 1 1 -1-1 -1 1 1 1 -1 -1 1 1 1-1 - 1-1 1-1 - 1-1 -1 1 1 1

0 1 0 0 2 1-1 1 - 1-1 1-1 -1 1 1 1 -1 -1 1 1 1-1 - 1-1 -1 1 1 1 1-1 -1-1
1 0 0 0 2 1 l - l - l -l-l 1 -1 1 1 1 -1 -1 1 1 -1 1 1 1 1-1 -1-1 1-1 -1-1
1 1 1 0 2 1111111 -1 1 1 1 -1 -1 1 1 -1 1 1 1 -1 1 1 1 -1 1 1 1

0 0 1 2 0 1 - 1-1 1 1 -1-1 1 1 -1 1 -1 1 -1 1 - 1-1 1-1 -1-1 1-1 1 1 -1 1

0 1 Q 2 0 1-1 1 -1-1 1-1 1 1 -1 1 -1 1 -1 1 -1-1 1-1 1 1 -1 1 -1-1 1-1
1 0 0 2 0 1 l - l - l -l-l 1 1 1 -1 1 -1 1 -1 1 1 1 -1 1 - 1-1 1-1 -1-1 1-1
1 1 1 2 0 1111111 1 1 -1 1 -1 1 -1 1 1 1 -1 1 1 1 -1 1 1 1 -1 1

0 0 1 1 1 1 -1-1 1 1 -1-1 0 --2 0 -2 0 0 0 4 0 2 0 2 0 2 0 2 0-2 0-2
0 1 0 1 1 1-1 1 -1-1 1-1 0 -2 0 -2 0 0 0 4 0 2 0 2 0-2 0-2 0 2 0 2
1 0 0 1 1 1 l - l - l -l-l 1 0 -2 0 -2 0 0 0 4 0-2 0-2 0 2 0 2 0 2 0 2
1 1 1 1 1 1111111 0 --2 0 -2 0 0 0 4 0-2 0-2 0-2 0-2 0-2 0-2

-
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The first equation is read as

T) (00000 ) — ji,
— — Ag + '^1^3

“ +
2

b: -
i 2

+ Brv + 31^2 - _ .3^B,
„2„2

+

- "^
1 “?

+ A^Bg ''2^1

+ A^B^ - + A^B^ - ^2^2

and the other equations are read similarly.

For the following discussion it is assumed that the

2
responses Y (x

, ... x z-, ... z ) have variance a and
' in L n

are statistically independent.

The normal equations are formed from the equations of

expectation in the usual way. Let the column vector of expected

responses be denoted by t| , the matrix of coefficients by C ,

and the column vector of parameters by p . Then the equations

of expectation may be v/ritten concisely as

( 3 . 0 ) T] = C p .

Letting y denote the column vector of observed responses,

and p the column vector of estimates, the normal equations

are

c'y = c’c p

= D ?

( 3 . 7 )
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for D = c’c .

(3.8) p

The equations may be solved for p as follows:

= D ^ C y

The designs in this catalogue have been constructed

so that there are not many non-zero elements in .

Indeed, for some of the designs is diagonal. Letting

f denote the number of treatment combinations in the design,

the elements in the principal diagonal can be calculated from

(3.9) , except when there is a non-zero element off the diag-

onal in the same row as the element under consideration. In

that event special formulae are required. If all of the off-

diagonal elements are zero, then the analysis is termed

’’Completely Orthogonal”.

Elements in the Main Diagonal of the Inverse Matrix

Parameter Element

A, A.A.*
" 3 3

AB, B
9 9

AB^,

BA’
Bk^k* , Bk Bkt

1/f

3/2f

l/2f

9/4f

3/4f

l/4f

(3 . 9 )
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3 2
For DESIGN 2 3 there are 36 treatment combinations,

so that these elements, excluding the first, are 1/24, 1/72,

1/16, 1/48, and 1/144, respectively. The effects A^, Ag,

A^, A^A.^, A^A^, and ^2^2 special formulae. Letting
t

the element in the column vector C y which corresponds to the

parameter p be denoted by Y(p) ,
the values of the esti-

mates are as given in (3.10).

(3.10) Estimates of the Parameters

A ^ _1 Y (|X)

36

^ 1
A = J:

96
[3Y (A^) - ^(AgAg)]

K = -
96

[3Y (A^) - Y(Aj^Ag)]

^ 96
[3Y(A3) - YCA^A^)]

^1^2 ~ [-Y(A^)
96

+ 3Y(A,A2

A Ag = -i [-YCAg) + SYCA^Ag)]
96

A^Ag = -i [-Y(A^) + 3Y(AgA3)]

A
B,

B

A

Aq

4

12

2
Sl>'2

44 144

(B.^)

(B^)

(Bg)

(B^)

(B1B2)

(B^Bg)
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L.
24

Y(A^B^) ^2^1 L_
24

Y(A
2
B^)

/\
A
3
B
1

1

24
Y(A

3
B^)

^2
A^Bi

1

72
Y(A^B^) ^2^1

1
=3 - —

72
YCA^B^)

/\ 2
A
3
B
1

1
sa

72
YCAgB^)

/\
1

24
YCA^Bg) ^2^2 1_

24
YCA^B^) ^3^2

1

24
Y(A3B2>

a.b:;
-L ^

1

72
Y(A^b2)

^2
^2^2 L.

72
Y(A

2
B
2 > A^B^

0 z
1

72
YCAgB^)

The information needed to estimate A^_, ^
1
^
2 ’

A^Ag, and ^2‘^3 presented under the heading ’’Analysis’'

It is stated that ’’the matrix
96

3 -1

-1 3
is used to estimate

- —

Ao A A,
3 2 1

^1^2 j ^1^3 } ^2^3

by which is meant that the following matrix equations are

formed

:

A

1
33

\
CO 1 1

1

r<
V

(3.11)
^2^3

X

96 -1 3

_

Y(A2As)
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A
— -

^2 1
3 -1 YCAg)

/N
— ~

-

^1^3 96
1

COi-i

i
Y(Aj^Ag)

"a
r ^

T 3 -1 Y(A„)A ! 3

AfA2 96 -1 3

L J

Y(A,A2)

For a few designs, some of the estimates are not ob-

tained by the method of least squares. By not making vise

of all of the data, it sometimes is possible to obtain

estimates which are unbiased and uncorrelated, though

not of minimum variance.

If 7 denotes a column vector of coefficients, then

the estimate of a parameter Q may be denoted by y’y •

t
f

It will be unbiased if and only if £77 = 711 = 0.

From ( 3 . 6 ) it follows that 7’C p = 0 , which implies that

the only non-zero element in 7’C is the one which multiplies

0 and, moreover, that this element is unity.

3 2
Such estimates can be found for DESIGN , For

example, an unbiased estimate of A-, is obtained by taking

7 to be the column vector of coefficients of in the

equations ( 3 . 4 ) , with the last twelve elements replaced by

zero and the remaining elements divided by twenty-four.

This estiraate is not correlated with any other estimate. In
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fact, by forming estimates in a similar way for A
2 ,

^
2
^
3 * retaining the least squares

estimates for the remaining parameters, the resulting

twenty-seven estimates are unbiased and uncorrelated.

4. Tests of Significance and Confidence Intervals

In this section it is assumed that the responses

y (x, ... X z ... z ) are normally distributed. It is
X mi n

easy to carry out t-tests and to form confidence intervals

by use of the t-statistic. If all of the estimates for a

design are least squares estimates, then the estimate s of

a is obtained according to the usual theory: the sum of

squares for error, S^, is the total sura of squares, S^,

minus the sura of squares for parameters, . Then s is

the square root of S^/ (f - q) , where f is the number of

treatment combinations in the design and q is the number

2
of parameters to be estimated. The expected value of s

2
is . The quantity is 2 y , where the summation

runs over all observed responses; and the quantity is

2 p Y(p) , where the summation is over all parameters.
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To test the null hypothesis that the parameter

p is different from zero. Student’s t ivith (f-q) degrees

of freedom is used, as follows:

A

(4.1) t(f-q) =
’

where v(p) is the estimated variance of p . For a least

squares estimate p , the variance v(p) is a times the

appropriate element in the main diagonal of the inverse ma-

trix, . For some estimates, this can be calculated from

(3.9) , and for others, read from the matrices which are

presented under "Analysis” . The estimated variance v(p)

is obtained from V(p) by replacing a by s . A two-

sided confidence interval v;ith confidence coefficient 1 - a

for p is defined by the following limits:

(4.2)

If this interval includes zero, then the hypothesis is

accepted; otherwise is rejected.

It may be desired to carry out a test for several es-

timates simultaneously. For example, it might be desired

to test that all two-factor interactions for the A factors

are zero; or that the linear and quadratic effects for some
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factor B are zero. This can be done by an F-test.

For the designs 23 ,23 ,23 ,23,23 ,

5 5
and 2 3'^ some of the estimates are not least squares es-

timates. These non-least squares estimates are uncorrelated

with each other and with the least squares estimates. Ac-

cordingly, the sum cf squares for parameters is calculated

from

S* = Z ^ Y(p) + S [p^ / k(p)l ,(4.7)

where the first summation is over the least squares estimates.

the second summation is over the non-least squares estimates.

ana
A

(p) is the sum of squares of the coefficients in p .

The expected value of attains its unique maximum

v^hen all of the estimates are least squares estimates. Ac-

cordingly, < ES^ and ES^ > ES^ = (f-q) o where

s = - s .

e t p

Although it sometimes is possible to obtain an unbiased

estimate of a which is independent of S , this has not
P

been done in this catalogue. In the judgment of the authors,

for most applications ES will be only slightly greater
o

than (f-q)a . Accordingly, it is recommended that be

used in place of S
e
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5. An Example

3 2
Some data corresponding to DESIGN 2 3 are given in

(2.6). They are taken from a publication by W. J. Youden

[0] . Youden was concerned with comparing various methods

of producing tomato plant seedlings prior to transplanting

in the field. Comparison was made b3? planting in the

field and then weighing the ripe produce. Thus, the ob-

servations were pounds of tomatoes.

Although Youden used five methods of production ,

we shall select only three: flats, fibre pots, and fibre

pots soaked in one percent sodium nitrate solution. Other

factors considered were different soil conditions, different

sizes of pots, different varieties of tomato, and different

locations on the field. The factors and their levels are

recorded below:

Factors and Levels for a Tomato Experiment

Factor

Soil condition, A^

Size of pot, Ag

Variety of tomato, a
w

Method of production,

Location on field,
A

The object of the experiment was to evaluate the effects
of tL^se factors on the yield of tomatoes.

Levels

Field soil 0
Plus fertilizer 1

Three-inch 0
Four-inch 1

Bonny Best 0
Marglobe 1

Flat
Fibre
Fibre + NOg

0 , 1,2

O
iH

CM
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The Y’s are the inner products of the column vector

y with the column vectors of C . They can be convenient-

ly calculated by forming summary tables of the kind often

used in analyzing complete factorials. For example, y

Y {Pi^) , and YCA^A^) are obtained from the following table,

which contains sums of nine responses;

A Summary Table

0 :

Soil Condition
(A^) 1:

Tota 1

;

Diagonal totals:

From the entries in this table

Size of Pot (A2>

0 1 Total

1118.2 1104.1 2222.3

1120.5 1493.7 2614.2

2238.7 2597.8 4836.5

2611.9 , 2224.6

e find

Y(A^) = 2614.2 - 2222.3 = 391.9

YCAg) = 2597.8 - 2238.7 = 359.1

YCA^Ag) = 2611.9 - 2224.6 = 387.3
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The complete list of 27 distinct Y’s is given below

Values of the Y(p)

’

s

Y(n) 4836.5 Y(B^) = 373.6

Y(Aj^) 391.9 Y(B^) = -50.2

Y(A2> 359.1 Y(B2) = 445.5

YCAg) - 581.7 YCB^) - 257.9

YCAj^Ag) = 387.3 YCB^Bg) « -118.9

YCAj^Ag) = 354.7 YCBiBg) = -347.3

YCAgAg) = 60.3 = 100.5

Y(B^Bp = 620.9

Y(AjB^) = -155.0 '^<W = 13.3

Y(A^ = -490.4 Y<A2b2) = -175.

5

Y(A^ 51.1 Y(AgBi) = 175.4

Y(A^
2

Bg) = -46.1 YCAgB^) = -2.4

Y(A2B,) = 14.2 Y(A3B2) » -190.3

Y(Ag B?) = -40.8
2

YCAgBg) = -273.9
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in (3

their

124.9

1.6

-2.5

4.1

-4.0

-2.7

-12.3

-18.1

-13.5

-9.5

-7.3

- 11.0

-7.3

From the Y*s the estimates are calculated as indicated

10) . The estimates are given below, bracketed by

.95 confidence interval limits.

Estimates and Confidence Limits

A A
t

)

M-
A

=

134.3

11.6

y

y

143.8

21.7

3.9

-1

A

y

y Bf

15.6

-0.7

y

y

27.2

6.0
y

= 7.5 y 17.6
-1.

A

y

A

^3 =: 14.1 y 24.2
6.9 y

^2

18.6 y 30.2

y ^1^2 — 6.0 y 16.1 -3.1 y »2 3 . 6 y
10.3

y

y

= 7.3

-2.2

y

y

17.4

7.9
-21.7 y ^2

O

= -7.4
y 6.8

^ o
-15. 5 y

= -7.2
y 1.0

-6.1 y ^1^2 = 2.1 y 10.3

-0.4 y 4.3 y 9.1

/N y\
y

2S -6.5
y 5.2 -11.1 y ^2^2 = 0.6 y 12.2

2
y

-6.8
y

-0.1 -9.1 y '^2^2
“ -2.4

y 4.3

y
= 2.1 y 13.7 -4.3 y

= 7.3 y 18.9

yv 2 ^ 2
y

ss -0.6
y 6.1 -6.7

y ^3^1
“ -0.03, 6.7

rv /N
y

= 0.6 y 12.2 -19.5 y ^3®2 ss -7.9 3.7

2 ^ 2
y *2®1 -0.6

y 6.1 -10.5 y *3^2 =s -3.8
9 2.9
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The analysis of variance is as follows;

Source of
variation D.F.

Sum of
Squares

Mean
Square F

Parameters 26 50404 1939 3.06

Error _9 5708 034

Total 35 56112

This value of F may be compared with the upper ,95 point

of the F(26, 9) distribution which is 2.89 .
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DESIGN 2^3^

There are four factors at 2 Teve!s and one factor at
3 levels. 21 effects are esli^nated fro*. 3G treatment corabina
tions. This is a 3/4 fraction.

Experimental Plan

SiS SgS S
3
S

Analysis

The matrix —
32

3 -1

-1 3

is used to estimate

1

A3A4
L J

>
2

>
6

A

the matrix i—
48

2 1 -1

1 2 -1

-a -1 2

is used to estimate

, and

A
1
A
2 ^2^3

A
2
A
4

A1A3

A1A4

Construction

Sets of Treatment Combinations from the

Set S^ S2 ^2

X1+X2+X3 =0 0 1

X3+X4 “0 1 0

2
4
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DESIGN 2^3^ continued:

Treatment combinations

Si ®2 S3

0000 0001 0011
1100 0110 0100
0111 1010 1000
1011 1101 1111

f

There is only one set S of treatment combinations from

the 3 ,
viz., the full replicate.
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DESIGN 2^3^

There are five factors at 2 levels and one
factor at 3 levels. 28 effects are estimated from 48
treatment combinations. This is a 1/2 fraction.

Experimental Plan

S S
f

Analysis

Completely orthogonal

Construction

5
Sets of treatment combinations from the 2

Set S

1
the 3

X^+Xg+Xg+X^+Xg ^ 0

Treatment combinations

S

00000 01100
00011 10100
00101 11000
01001 01111
10001 10111
00110 11011
01010 11101
10010 11110

9

There is only one set S of treatment combinations from

, viz., the full replicate.
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DESIGN 2^3^

There are six factors at 2 levels and one factor at
3 levels. 36 effects are estimated from 48 treatment com
binations. This is a 1/4 fraction.

Experimental Plan

^2^2 ®3®3

Analysis

The matrix
128

3 -1

1 3

is used to estimate

- — “ " - r

A-, A« A A. A-, A^ A-, A^
1 3 1 4 1 5 1 6

^2^5 > ^2^6
» ^2^3 > A

2
A
4

L J

the matrix
128

3 1

1 3
is used to estimate

A
3
A
4 ^3^6

_^5^6
* A^A.

4 5

the matrix
64

2 -1 -1
-12 1-112

is used to estimate
^ 1^2

^3^5
^4^6
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DESIGN 2^3^ continued;

Construct ion

6
Sets of Treatment Combinations frora the 2

Set S|^ Sg

X-, +Xn+Xo+Xc =0 0 112 3 0

X1+X2+X4+X6 =0 1 0

Treatment combinations

^2 S3

000000 000100 100001
000101 000001 100100
110000 110001 010001
110101 110100 010100
011001 011000 001000
011100 011101 001101
001010 001011 000010
001111 001110 000111
100011 100010 111000
100110 loom 111101
101001 101000 110010
101100 101101 110111
111010 moil 101011
mill 111110 101110
010011 010010 011011
010110 010111 011110

Sets of Treatment Combinations frora the 3^

Set
...i' f

Si S2 S3

^1 0 1 2

Treatment Combinations

20 1
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DESIGN 2^3^

There are seven factors at 2 levels and one factor at
3 levels. 45 effects are estimated from 96 treatment
combinations. This is a 1/4 fraction.

Experimental Plan

®2®2 S3S3

Analysis

The matrix is used to estimate

'

^1^2 A1A3 A1A4

A3A4 i A2A4 i

(

£>
to

\

Construction

Sets of Treatment Combinations from the 2
7

Set

X1+X2+X3+X4

X3+X4+X5+X6+X7

0

0

0

1

1

0
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DESIGN 2^3^ continued;

Treatment Combinations

^2 «3

0000000 0000001 1000000
1100000 1100001 0100000
0011000 0011001 1011000
1111000 1111001 0111000
1001100 1001101 0001100
0101100 0101101 1101100
1010100 1010101 0010100
0110100 0110101 1110100
1001010 1001011 0001010
0101010 0101011 1101010
1010010 1010011 0010010
0110010 0110011 1110010
0000110 0000111 1000110
1100110 1100111 0100110
0011110 0011111 1011110
1111110 1111111 0111110
1001001 1001000 0001001
0101001 0101000 1101001
1010001 1010000 0010001
0110001 0110000 1110001
0000101 0000100 1000101
1100101 1100100 0100101
0011101 0011100 1011101
1111101 1111100 0111101
0000011 0000010 1000011
1100011 1100010 0100011
0011011 0011010 1011011
1111011 1111010 0111011
1001111 1001110 0001111
0101111 0101110 1101111
1010111 1010110 0010111
0110111 0110110 1110111

Sets of Treatment Combinations from the 3^

Set < ^2

^1 s 0 1 2

Treatment Combinations

0 1 2



31 -

DESIGN 2^3^

There are eight factors at 2 levels and one factor at
3 levels. 55 effects are estirnated from 96 treatment com-
binations . This is a 1/8 fraction.

Experimental Plan

^2^2 ^3^3

Ana lysis

The matrix
128

2 -1 -1
-1 2 1-112

the matrix
I

256

is used to estimate
^1^3

A
2
A4

3 1
is used to estimate ^2^6

1 3 A^ A„
7

*- J 4 7
L J L

A2A7

A
4
A
6

the matrix
1

256

3 -1

-1 3
is used to estimate

^1^2 A1A4 ^1^6 A1A7

1
>

CO

&>

1

> ^2^3
> A3A7 } ^3^6



DESIGN 2^3^ continued

32

Construction

8
Sets of Treatment Combinations from the 2

Set S^ Sg S3

X1+X2+X5+X7+X8 = 0

X^+Xg+Xg+X^ = 0

x^+X2+X3+x^ = 0

0

0

1

0

1

0

Treatment Combinations

Si
^2 '

^3

00000000 10000010 00000011
00001001 10001011 00001010
00000111 10000101 00000100
00001110 10001100 00001101
00110011 01000001 00110000
00111010 01001000 00111001
00110100 01000110 00110111
00111101 01001111 00111110
01010001 00100011 01010010
01011000 00101010 01011011
01010110 OOlOOlOO 01010101
01011111 00101101 01011100
10010010 00010000 10010001
10011011 00011001 10011000
10010101 00010111 10010110
10011100 00011110 10011111
01100010 11100000 01100001
01101011 11101001 01101000
01100101 11100111 01100110
01101100 11101110 01101111
10100001 11010011 10100010
10101000 11011010 10101011
10100110 11010100 10100101
10101111 11011101 10101100
11000011 10110001 11000000
11001010 10111000 11001001
11000100 10110110 11000111
11001101 10111111 11001110
11110000 01110010 11110011
11111001 01111011 11111010
11110111 01110101 11110100
11111110 01111100 11111101
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DESIGN
O

123 continued:

Sets of Treatment Combinations from the 3

Set S|^ Sg Sg

= 0 1 2

Treatment Combinations

f f f

0 2
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DESIGN 2^3^

There are nine factors at 2 levels and one factor at

3 levels. 66 effects are estimated from 128 treatment com-

binations. This is a 1/12 fraction.

Experimental Plan

SiS, ®2®2 S4S2

Analysis

The matrix is used to estimate

A, B, A^B,
1 1 4 1 6 1

4 6
> ^1^6 > A

1
A
4

^ J

and the matrix 1

576

5 1

1 2
is used to estimate

r ^
" -

M-
0

^2 ^3 ^4
>

A4B2
L.

f

^2®1
y }

[- 5 I ^6 A? ^8
\

y
A B^^6^1

y aX y y



DESIGN 2^3^ continued

35

Construction

9
Sets of Treatment Combinations from the 2

Set Si ^2 ^3 S
4

X1+X2+X
3
+X

4
+Xg - 1 0 0 1

X
1
+X

2
+X5+Xg+Xg = 0 1 0 1

Xg+X3+X5+X7 = 0 0 1 1

X
1
+X

2
+X

3
+X

4
+X

5
+X

6
+X

7
= 1 1 1 1

Treatment Combinations

s.
X ^2 S

3
S
4

000100000 101000100 010000011 101100000
OOlOllOCO 100111100 011111011 100011000
110111000 011011100 1000 110 11 011111000
100010100 001110000 110110111 001010100
011110100 110010000 001010111 110110100
010001100 111101000 000101111 111001100
101101100 000001000 111001111 000101100
100000010 001100110 110100001 001000010
011100010 110000110 001000001 110100010
010011010 111111110 000111001 111011010
101111010 000011110 111011001 000111010
111010110 010110010 101110101 010010110
000110110 101010010 010010101 101110110
OClOOlllO 100101010 011101101 100001110
110101110 011001010 100001101 011101110
101010001 000110101 111110010 000010001
010110001 111010101 000010010 111110001
011001001 110101101 001101010 110001001
100101001 001001101 110001010 001101001
110000101 011100001 100100110 011000101
001100101 100000001 011000110 100100101
000011101 101111001 010111110 101011101
111111101 010011001 ' 101011110 010111101
110010011 011110111 100110000 011010011
001110011 100010111 011010000 100110011
000001011 101101111 010101000 101001011
111101011 010001111 101001000 010101011
101000111 000100011 111100100 000000111
010100111 111000011 000000100 111100111
011011111 110111011 001111100 110011111
100111111 001011011 110011100 001111111
111000000 010100100 101100011 010000000
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DESIGN
9 1

2 3 continued

:

Sets of Treatment Combinations from the 3

Set

0

Treatment Combinations

? I t

0 1 2
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DESIGN 2^3^

There are three factors at 2 levels and two factors at
3 levels. 27 effects are estimated from 36 treatment combi-
nations. This is a 1/2 fraction.

Experimental Plan

®2®2 ^2^3

Ana lysis

The matrix 1_
96

is used to estimate

Ao

-

A« A-,
3 2 1

A-, A, A„ i A„A„
1 2 1 3 2 3

Construction

3
Sets of Treatment Combinations from the 2

Set Sj^ Sg

X1+X2+X3 =0 1

Treatment Combinations

_fl

000 111
110 100
101 010
oil 001
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DESIGN continued

;

2Sets of Treatment Combinations from the 3

Set s; s; s;

z^+Z2 =0 1 2

Treatment Combinations

f t T

fi f2

00 10 20
12 01 02
21 22 11
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DESIGN 2
^
3
^

There are four factors at 2 levels and two factors at
3 levels. 35 effects are estimated from 72 treatment combi-
nations. This is a 1/2 fraction.

Experimental Plan

^2^2 ^2^3

Analysis

The matrix 1

192

3 1

1 3

is used to estimate

^1^2 *1*3
A3A4 i

A1A4

^2^3

Construction

4
Sets of Treatment Combinations from the 2

Set S^ S
2

X1+X2+X3+X4 =0 1

Treatment Combinations

0000
1111
1100
1010
1001
0110
0101
0011

S
2

1000
0100
0010
0001
1110
1101
1011
0111
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DESIGN 5^32 continued

;

2
Sets of Treatment Combinations from the 3

7 ft
Set S^ S2 Sg

Z
1
+Z

2
=0 1 2

Treatment Combinations

f ? j

Si S3

00 10 20
12 01 02
21 22 11
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DESIGN 2^3^

There are five factors at 2 levels and two factors at
3 levels. 44 effects are estimated from 72 treatment combi-
nations. This is a 1/4 fraction.

Experimental Plan

S^Si ^2^2

Ana lysis

The matrix L.
96

2 11
12 1112

is used to estimate
*1*2

*4*5

and

the matrix
192

3 1

1 3
is used to estimate

f
*ll

• -- *

r*2

1

^4

^2^3 A1A3 )

-

^3^5

r 1

*5
>

^ V4 A1A5

*3*4
w i ^

> ^2^5 )
^2^4
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DESIGN 2V continued i

Construction

5Sets of Treatment Combinations from the 2

Set Si S3

X1+X2+X3 = 0 0 1

X3+X4+X5 = 0 1 0

Treatment Combinations

Si S
2

S
3

00000 00001 10000
00011 00010 10011
11000 11001 01000
11011 11010 01011
10101 10100 00101
10110 10111 00110
01101 01100 11101
OHIO 01111 11110

Sets of Treatment 2Combinations from the 3

r f

Set S^ ^3

Z
1
+Z

2 - 0 1 2

Treatment Combinations
f ? f

f2 f3
00 10 20
21 61 02
12 22 11
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DESIGN 2^3^

There are six factors at 2 levels and two factors at
3 levels. 54 effects are estimated from 96 treatment combi-
nations. This is a 1/6 fraction.

Experimenta 1 Plan

®2®2 S4S3

Analysis

The matrix 1

240

4 1

1 4
is used to estimate

“AiB/

L J

} *2®2 > ^3^2

'
A4B1

^

^6®1

*4^2
L J

f ^5®2
$ ^6®2

the matrix 1 4 -1

720 -1 4
is used to estimate

-J

A^b2

}

/2
«
2

.

i
'

^3®2
-J

A
4 BJ

/4®2,
>

.
"'5^2.

>
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DESIGN 2^3^ continued

the matrix 1

192

4
2
2

2
3
1

2

1

3
is used to estimate

the matrix

A.
X

— “-S

^4

^2^5 ^3^5 } A
3
A
4

^4^6^ AiAg ^1^2

1

192

4
2

2
3

-2 -1

-2
-1
3

is used to estimate

the matrix

rS
^2

A, A

^3^6

^4^5
^2^6

A1A4

A2A3

680 204 -68 0 0
204 1377 51 102 102
-68 51 153 34 34

0 102 34 340 -68
0 102 34 -68 340

is used to

estimate

and the matrix

|i

20 4 -2 2
4 20 2 -2

-2 2 11 1

2 -2 1 11

^2

®1®2

®1®2

is used to estimate



DESIGN 2^3^ continued

45

Construction

0
Sets of Treatment Combinations from the 2

Set ^2 S3 S4

Xi-f‘X2
+X

3
+X

4
= 0 0 1 1

X3+X4+X5 = 0 0 1 0

X2+X4+X5+X6 = 0 1 0 1

Treatment Combinations

®2 S3 S4

000000 001100 000101 100001
111100 110000 111001 011101
011010 010110 011111 111011
100110 101010 100011 000111
001101 000001 001000 101100
110001 111101 110100 010000
010111 011011 010010 110110
101011 loom 101110 001010

Sets of Treatment Combinations from the 3‘

Set si s; s;

= 0 1 2

Treatment Combinations

f

fi 4
00 10 20
12 01 02
21 22 11
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DESIGN 2^3^

There are seven factors at 2 levels and two factors
at 3 levels. 65 effects are estimated from 144 treatment
combinations. This is a 1/8 fraction.

Experimental Plan

SiSj ^2^2

The matrix 1

192

the matrix

2 1-1
12-1
-1 -1 2

Ana lysis

is used to estimate

1

384

3 1

1 3

A?

^4^6 9 ^5^6

^3^5 A
3
A
4

is used to estimate

A. A^
—

1

> \ > i

\

A, A«
4 6 1 5 1 6

}

1

<<
1

) ^2^5

the matrix 1

384
3 -1

-1 3
is used to estimate

^3 ^1^3 A1A4 *3*6

A5A7
L J

i > A2A4 >

1
CO

<<!
t'

^4^5
-
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DESIGN 23 continued

47

Construction

7
Sets' of Treatment Combinations from the 2

Set S3

X1+X2+X3+X4 = 0 1 0

X3+X4+X5+X6 = 0 0 1

X^+Xg+Xs+Xg+X? = 0 0 0

Treatment Combinations

S-, So
1 2 3

0000000 1000001 0000100
1100000 0100001 1100100
0110100 1110101 0110000
1010100 0010101 1010000
0101010 1101011 ^ 0101110
1001010 0001011 1001110
0011110 1011111 0011010
1111110 0111111 1111010
0011001 1011000 0011101
1111001 0111000 1111101
0101101 1101100 0101001
1001101 0001100 1001001
0110011 1110010 0110111
1010011 0010010 1010111
0000111 1000110 0000011
1100111 0100110 1100011

2
Sets of Treatment Combinations from the 3

^ si 4 ^
Z
1
+Z

2
=0 12

Treatment Combinations

s' s' s'
1 2 3

00 10 20
12 01 02
21 22 11
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DESIGN

There are eight factors at 2 levels and two factors at

3 levels. 77 effects are estimated from 144 treatment com-

binations. This is a 1/16 fraction.

Experimental Plan

®1^1 ^2^2 ®3®3 ®4®4 ®7^7 ®8®9

Analysis

The matrix __1

1536

11 -1 -1 1

-1 11 -1 1

-1 -1 11 1

1 1 1 11

is used to estimate

^1^2 A1A3 ' hH

'

A3A4

^5^6

AyAs

>

^2^4
AqAj

}

^2^3
A5A7

^6^8

)

^2^6
A4A7

^3^8
^

^1^6

^2^5 }

A1A7

V 5 }

A2A7

A
4
A
6

A3A7 ^3^6 A3A5

-
“^4^8 ^2^8

_
“^1^8

_

Construction

0
Sets of Treatment Combinations from the 2

Set S
2

S
3 ®5 ®6 CO

00

X1+X2+X3+X4 = 1 1 1 1 0 0 0 0

= 1 1 0 0 1 1 0 0

= 0 1 1 0 1 0 1 0

X1+X2+X3+X4+X5+X6+X7+X8 = 1 1 1 1 1 1 1 1
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DESIGN 2^3^ continued:

Treatment Combinations

Si S
3

S
4

OlllOOCO 01000000 00100000 00010000
OlOOilOO 10110000 11010000 11100000
10000000 10001100 11101100 11011100
10111100 01111100 00011100 00101100
11101010 00101010 01001010 01111010
00011010 11011010 10111010 10001010
00100110 11100110 10000110 10110110
11010110 00010110 01110110 01000110
00101001 11101001 10001001 10111001
11011001 00011001 01111001 01001001
11100101 00100101 01000101 01110101
01000011 10000011 11100011 10000101
10110011 01110011 00010011 11010011
10001111 01001111 00101111 00100011
01111111 10111111 11011111 11101111
00010101 11010101 10110101 00011111

Se s? Ss

00001000 00111000 00000010 00000001
11111000 11001000 11110010 11110001
11000100 11110100 11001110 11001101
00110100 00000100 00111110 00111101
01100010 01010010 01101000 01101011
10010010 10100010 10011000 10011011
10101110 10011110 10100100 10100111
01011110 01101110 01010100 01010111
10100001 10010001 10101011 10101000
01010001 01100001 01011011 01011000
01101101 01011101 01100111 01100100
10011101 10101101 10010111 10010100
11001011 11111011 11000001 11000010
00111011 00001011 00110001 00110010
00000111 00110111 00001101 00001110
11110111 11000111 11111101 11111110
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DESIGN continued;

Sets
2

of Treatment Combinations from the 3

Set
.
^2 ^3 ^4 ^5 ^6 ^7 ^8 ^9

Z^+Zg = 000111222

fl

Treatment Combinations

^2 ^3 ^4 ^5 ^7 ^8

00 12 21 10 01 22 02 20 11
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DESIGN 2^3^

There are two factors at 2 levels and three factors at
3 levels. 34 effects are estimated from 54 treatment combi-
nations, This is a 1/2 fraction.

Experimental Plan

SiS^ ^2^3

Ana lysis

The matrix
48

3 1

1 3
is used to estimate

. 3 1
^

2 2
^2

_

A^Ag ^2^1
_

^1®2

^2®2

^®3
> 6 . ^2 ^ 6

Â1^2

. r.2 > 6
*2®3

_
^2^1

j
^2^2

^^3
^2^3

Construction

Sets of Treatment Combinations from the 2"

Set

X1+X2 0

Treatment Combinations

00
11

10
01
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DESIGN 2^3^

There are three factors at 2 levels and three factors at

3 levels. 43 effects are estimated from 72 treatment combina-

tions. This is a 1/3 fraction. Set is omitted when the

pure B effects are estimated.

Experimental Plan

^2^2 S3 S3 S^Sg

Ana lysis

Completely Orthogonal

Construction

3Sets of Treatment Combinations from the 2

Set S-, S„ S„ S.
1 2 3 4

X
1
+X

2 = 0 0 1 1

X1+X3 = 0 1 0 1

Treatment Combinations

000 001 010 100
111 110 101 Oil
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DESIGN 2^3^ continued:

3
Sets of Treatment Combinations from the 3

.J
9 f »

Set S^ ^
3

"
' ^3

Z1+Z2+Z3 “0 1 2

Treatment Combinations

t t t

J2 Ji
000 001 020
222 010 002
120 022 Oil
102 100 110
012 121 101
210 112 122
201 220 200
021 202 212
111 211 221
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DESIGN 2
^
3
^

There are four factors at 2 levels and three factors at
3 levels. 53 effects are estimated from 108 treatment combi-
nations. This is a 1/4 fraction.

Experimental Plan

s^s; sgs;

Ana lysis

The matrix is used to estimate

r 1 r
|- *N

6 4 4
^3^2

(
>

CO
>

1

}

—

} ^4®2
}

~ -

^3®3 12’ ^
3^ 12

A3B3

1

> D3
CO

1 _

A4B2
_

^
1

A4B2
_

^4^3
_

the matrix 1

144

2
1

1

1 1

2 1

1 2

is used to estimate

and

r

^2 ^3

CO
<<

)
A1A3

> ^4

1
to
>

1 _
^^4 ^1^2

L J
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DESIGN 2 3 continued;

Construction

Sets of Treatment Combinations from the 2
^

Set S
X1+X2+X3 = 0 0

'

1

X^+Xg+X^ = 0 1 0

Treatment Combinations

Si ^3

0000 0001 1110
1100 1101 1001
0111 olio 0101
1011 1010 0010

3
Sets of Treatment Combinations from the 3

Set S^ S
2

S
3

Z1+Z2+Z3 =0 1 2

Treatment Combinations

t f I

!h_
000 001 020
222 010 002
120 022 Oil
102 100 110
012 121 101
210 112 122
201 220 200
021 202 212
111 211 221
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DESIGN 2^3^

There are five factors at 2 levels and three factors

at 3 levels. 64 effects are estimated from 144 treatment
t

combinations. This is a 1/6 fraction. Set is omitted

when the pure B effects are estimated.

Experimental Plan

S2S; sgs; s^s;

Ana lys is

Completely Orthogonal

Construction

5
Sets of Treatment Combinations from the 2

Set S^ S4

1+X2+X3+X4+Xg = 1 4 1 1 1

X4+X2+X3 - 1 0 1 0

X3+X4 - 1 1 0 0

Treatment Combinations

S
1

S
4

00100
11100
01011
10011

00010
11010
01101
10101

10000
01000
mil
00111

00001
11001
OHIO
10110
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DESIGN 2^3^ continued;

3
Sets of Treatment Combinations from the 3

t I f

Set S^ S2 Sg

Z1+Z2+Z3 =0 1 2

Treatment Combinations

f 1 t

J2
000 001 • 020
222 010 002
120 022 Oil
102 100 110
012 121 101
210 112 122
201 220 200
021 202 212
111 211 221
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DESIGN 2^3^

There are six factors at 2 levels and three factors

at 3 levels. 76 effects are estimated from 288 treatment
t

combinations . This is a 1/6 fraction. Set is omitted

when the pure B effects are estimated.

Experimental Plan

Si Si S2S2 SgSg ^4^3

Analysis

Completely Orthogonal

Construction

0
Sets of Treatment Combinations from the 2

Set ^3

X2+X4+X5 = 1 1 0 0

X1+X4+X5 s 0 1 0 1
•

X3+X4+X5+Xg = 0 1 1 0

Treatment Combinations

Si ^2 S
3

CQ

010000 000010 000001 100000
100101 110111 110100 010101
011001 001011 001000 101001
101100 111110 111101 011100
010110 000100 000111 100110
100011 110001 110010 010011
011111 001101 001110 101111
101010 111000 111011 011010
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DESIGN 2
^
3 ^ continued;

' 3
Sets of Treatment Combinations from the 3

Set S^ Sg S3

z^+Z2+Zs “0 1 2

Treatment Combinations

Jl
?

000 001 020
222 010 002
120 022 Oil
102 100 110
012 121 101
210 112 122
201 220 200
021 202 212
111 211 221



DESIGN 2^3^

There are seven factors at 2 levels and three factors

at 3 levels. 89 effects are estimated from 432 treatment

combinations. This is a 1/8 fraction.

Experimental Plan

^2^2 ®3®3

Analysis

The matrix 1

576
is used to estimate

A, An
1 2 7

A^A^ At A .

5 6 f 14
A„A

.

A_A.
3 4 1

1

w
L_

the matrix is used to estimate

1

> 1 > 1 A-, An
1 5 1 6

^2^6 ) ^2^5
f

A-. A^
1 4

A . A„ )
4 7

A^A^
_

the matrix
1152

3 -1

1 3
is used to estimate
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DESIGN 2^3^ continued;

Construction

Sets of Treatment Combinations from the 2

Set S^ Sg Sg

X, +X0+X0+X .
S3 0 1 0

i 2 3 4

X3+X4+Xg+Xg = 0 0 1

Xi+Xg+Xg+Xg+X? zs 0 0 0

Treatment Combinations

0000000
1111000
0110100
1001100
0110010
1001010
0000110
1111110
1100001
0011001
1010101
0101101
1010011
0101011
1100111
0011111

0100000
1011000
0010100
1101100
0010010
1101010
0100110
1011110
1000001
0111001
1110101
0001101
1110011
0001011
1000111
0111111

0011100
1100100
0101000
1010000
0101110
1010110
0011010
1100010
1111101
0000101
1001001
0110001
1001111
0110111
^aiiioii
0000011
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DESIGN 2
^
3 ^ continued:

Sets of Treatment Combinations from the

t » »

Set S2^ S2 S2

Z1+Z2+Z3 =0 1 2

Treatment Combinations
f f f

J2
000 001 020
222 010 002
120 022 Oil
102 100 110
012 121 101
210 112 122
201 220 200
021 202 212
111 211 221
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DESIGN 2
^
3
^

There is one factor at 2 levels and there are four

factors at 3 levels. 42 effects are estimated from 81

treatment combinations. This is a 1/2 fraction.

Experimental Plan

^2^2 ^2^3

The matrix
72

3 -1

• 1 3

Analysis

is used to estimate

M-

—

2
/A, > 2

'
52 '

y
2

‘
®3 '

/1B3

. 6

o2
®2

.

} 6
®3

j

6

A1B4
^

Construction

Sets of Treatment Combinations from the 2

Set S. S„

^4

A1B4

X- 0

Treatment Combinations

0 1
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DESIGN 2^3"^ continued:

Sets of Treatment ComJjina tions from the ^4

Set
t f

O
O

Treatment Combinations

0000
1110
2220
2001
0111
1221
100 2

2112
3222
0120
1200
2010 ^

2121
0201
1011
1122
2202
0012
0210
1020
2100
2211
0021
1101
1212
2022
0102

1000
2110
0220
0001
nil
2221
2002
0112
1222
1120
2200
0010
0121
1201
2011
2122
0202
1012
1210
2020
cioo
0211
1021
2101
2212
0022
1102

2000
0110
1220
1001
2111
0221
0002
1112
2222
2120
0200
1010
1121
2201
0011
0122
1202
2012
2210
0020
1100
1211
2021
0101
0212
1022
2102
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DESIGN 2^3^^

There are two factors at 2 levels and four factors

at 3 levels. 52 effects are estimated from 162 treatment

combinations. This is a 1/2 fraction.

Experimental Plan

^2^2 ^1^3

Ana lysis

The matrix is used to estimate

96
•

96
^1®2

•
96

‘
^®s'

9
96

f

^2®2
^ —

J

7

^2^3
— — _

*2®4

288 o > 288 o f 288

'

A

2 >
288 h®4

9

^2^1
_ .

^2®2
J L

^2®3_ r2®4

M- r "'i 1
A, A„ 7 144

Ao
L 1 2 J _ 2 J

144
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DESIGN 2
^
3

"^ continued:

Construction

Sets of Treatment Combinations from the 2^

Set Si ®2

Xj+Xg -0 1

Treatment Combinations

00 01
11 10

Sets of Treatment Combinations
4

from the 3

Set Si Sg S
3

Zi+Zg+Z3+Z4 - 0 1 2

Treatment Combinations

f

L

f

_O00Q—
1110 1122
2.220. -2202—

1

2001 0012 '

u--0.111__ „a2io__.
1221

,
1020 i

1002 2100 ,

2112 2211
___.Q222__ 0021 _

0120 1101
1

12_00__. _.I212.„
2010 202 2 I

_2121 0102
0201

1000 - 2 0 1

1

2110 ,_212 2.-
0220 020 2

0001
, ._,1012_„.

1111 1210
I 2221 „2 0.20___

1

200 2, , 0100 •

[

0112 0211
1222 1021

L 1120 -2.1.01..-.,

2200 2212

1

' 0010 0022 1

j

0121 ' 1102
,

2000

i 1220
^ 100.L.

2111
I Q221_
I

000 2

: 1U^_
: . 2222
! 212.0_
:

• 0200
1010 _

1121
2 .0.1 _

0011
_0,122_
1202
2012_
2210
_002 0
‘1100

2021
0101
0212
1022
2102
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DESIGN 2
^
3
^

There are three factors at 2 levels and four factors

at 3 levels. 63 effects are estimated from 162 treatment

combinations. This is a 1/4 fraction.

Experimental Plan

®1^1 ®2^2 ®3^3 ^4^4 ®1®5 ^2^6 S3S7 S^Sg S^Sg

Analysis

The matrix
11 _i _i _i
-1 11 -1 -1
-1 -1 11 -1
-1 -1 -1 11

is used to estimate

and the matrix

|i

^1^2
A1A3

^2^3

L.
88

10 -1 -1
-1 10 -1
-1 -1 10

•V'-

is used to estimate

18 A^
«2 ,

12
^1®!

A„B, ,
12

’
*1^2'

A„B„
12

}

A1B3

AoBo
Ao 2 1 2 2 2 3
0

*3^1
J _

^3®2^

12
A1B4

^2^4
36

Aib2

A3B?

36
AA1B2

36
Â1^3

*2®3

^3®3

36
^2®4

A B^^3^4
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DESIGN 2^3^ continued;

Construction

3
Sets of Treatment Combinations from the 2

Set Si ®2 S
3

S
4

X1+X2 = 001 1

X1+X3 = 0101
Treatment Combinations

J2
000 '

111
001 010 100
110 101 oil
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DESIGN 2^3^^ continued;

4
Sets of Treatiaent Combinations from the 3

Set < 4 S3
1

S5 Se s; Ss
t

q
9

0 0 0 • 1 1 1 2 2 2

Z2+2Z3+Z4 = 0 1 2 0 1 2 0 1 2

jl ^2

Treatment

®3

Combinations

s’ s; ^8

0000 6001 0002 .
1000,_ 1001 1002 2000 2001

ino nil 1112 2110 2111 2112 . 0110 0111
2220 2221 • 2222 0220 0221 0222 1

2

2 0 1221
12C1 ^1202 , 1200 2201 2202 2200 0201 020 2

2011 2012 2010 001
,1 ; 0012 -0010 1011 1 1

2

0121 0122 0120 1121 ] 1

2

2 . 1120 2121 -.2122
2102 2100 2101 .0102 0100 0101 1102 1100
0212 0210 0211 1212 1210 1211 2212 2 210
102 2 ,_ 1020 1021 2022 2 02 0 . 2 021 002 2 002 0

200 ;^

0 1 1

2

1222
0200
1010
2120
1101
2211
0021
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DESIGN 2^3^

There are four factors at 2 levels and four factors

at 3 levels. 75 effects are estimated from 162 treatment

combinations. This is a 1/8 fraction.

Experimental Plan

Sgs; Sgs; s^s; s^s; sgs; s^s; sgs; s^s;

Analysis

The matrix
2160

14 1 -1 1 1 -1 1

1 14 1 -1 -1 1 -1
-1 1 14 1 1 -1 1
1 -1 1 14 -1 1 -1
1 -1 1 -1 14 1 -1

-1 1 -1 1 1 14 1

1 -1 1 -1 -1 1 14

is used to estimate

|i

^1^2

A1A3

A1A4

^2^3
A2A4

A
3
A
4

and the matrix
96

11 1-1 1

1 11 1 -1
-1 1 11 1

1-1 1 11

is used to estimate

18

^^2
^2

^3

, 12

A4B,

12 ^2®2

A3B2

. _

12
}

*3®3

^4®3
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DESIGN 2
^
3
^

continued

;

- - r r ^

A1B4 ^l®2
12 *2^4

^3®4
A.B.

> 36

*3®1

,
36

''2®2

^3^2
4 4

- . .
"^402

.

^1^3

'

^l ®4

^2®! , 36 ^®4

*3®3 *3®4

.

^4®3 A4B®
_

Construction

4
Sets of Treatment Combinations from the 2

Set ®2 ®3 ®4 ®5 ®6 ®8

X4+X2 a 1 1 1 1 0 0 0 0

X3+X4 = 1 1 0 0 1 0 1 0

X2+X3 = 1 0 1 0 0 1 1 0

Treatment Combinations

®2 ®3 ®4 ®5 ®6 ®7 ®8

1010 1001 0100 1000 0001 1100 0010 0000
0101 0110 1011 0111 1110 0011 1101 1111
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DESIGN continued

:

4
Sets of Treatment Combinations from the 3

» t t f » » f » f

Z1+Z2+Z3 = 000111222
Zg+SZg+z^ = 0 1 2 0 12 01 2

Treatment Combinations

Si ®2 ®3 S4 S5 ®7 CO
00

S9

0000 0001 0002 1000 1001 1002 2000 2001 2002
1110 1111 1112 2110 2111 2112 0110 0111 0112
2220 2221 2222 0220 0221 0222 1220 1221 1222
1201 1202 1200 2201 2202 2200 0201 0202 0200
2011 2012 2010 0011 0012 0010 1011 1012 1010
0121 0122 0120 1121 1122 1120 2121 2122 2120
2102 2100 2101 0102 0100 0101 1102 1100 1101
0212 0210 0211 1212 1210 1211 2212 2210 2211
1022 1020 1021 2022 2020 2021 0022 0020 0021
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DESIGN 2^3^

There are five factors at 2 levels and four factors

at 3 levels. 88 effects are estimated from 216 treatment

combinations. This is a 1/12 fraction. Sets S «S* .
* » 10 1 ^

^11®2 ^ ®12®3 omitted when the pure B effects are
estimated

.

Experimenta 1 Plan

®1^1 ^2^2 ®3^3 ^5^5 ^6^6 ®8^8 ^9^9

^10^1 ^11^2 ^12^3

Analysis

The matrix 1

288

2 -1 -112 1112
is used to estimate

““ ^ —

^ 1^2 ^2^3 A1A3

^3^5
>

A1A4
i

^2^5
A3A4

^ J

^1^5 >
L

the matrix

and

is used to estimate

— — —

«

192 |l

A^A.
4 5

192
y ^5

128
AyfB.
4 1

A^B-,
y 128

' ^4^2*

A^B„ y 128

‘^
4
^
3

'

A^Bo y
128

a.b.
4 4

A^B^
5 1 5 2 5 3

•

5 4
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DESIGN 2^3^ continued:

384
2 ,

384
. 2 ,

384
. ^2 ,

384

«« .
5 2 j

'^5®3

Construction

5
Sets of Treatment Combinations from the 2

Set ®3 55 ^6 s? Ss ^9 ^10 Sll ^12

X^+Kg = ‘
' 0 0 0 0 1 1 1 1 0 0 1 1

' X1+X3 = ^ 0 1 0 1 0 1 0 1 0 1 0 1
,

x^+X2+Xa+X4 = 0 0 0 c 0 0 0 0 1 1 1 1

X, +Xo+Xo+Xc-
i 2 0 0

= 0 0 1 1 0 0 1 1 0 0 0 0

Treatment Combinations

®2 ®3 iSg

00000 00111 00001 11001 10100 10011
mil 11000 11110 00110 01011 01100

s? ^8 ^10 ^11 ^12

10101 10010 00010 00101 10110 10001
01010 01101 11101 11010 01001 OHIO

CM

(M

'sjt
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DESIGN 2^3^ continued:

Sets of Treatment Combinations from the ^

> f » f f f I f f

Z1+Z2+Z3 ”000 1 1 1222
Zg+2z2+z,j^ ”0120120 12

Treatment Combinations

s; ^4 s'‘^0
/

0000 0001 0002 1000 1001 1002 2000 2001 2002
1110 nil 1112 2110 2111 2112 0110 0111 0112
2220 2221 2222 0220 0221 0222 1220 1221 1222
1201 1202 1200 2201

. 2202 2200 0201 0202 0200
2011 2012 2010 0011 0012 0010 1011 1012 1010
0121 0122 0120 1121 1122 1120 2121 2122 2120
2102 2100 2101 0102 0100 0101 1102 1100 1101
0212 0210 0211 1

1212 ' 1210 . 1211 2212 2210 2211
1022 1020 1021 2022 2020 2021 0022 0020 0021
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6 4
DESIGN 23

There are six factors at 2 levels and four factors

at 3 levels. 102 effects are estimated from 324 treat-

ment combinations. This is a 1/16 fraction.

Experimental Plan

^1^1 ^2^2 ^3®3 S4S4 S
5S S7S7

The matrix 1

3456

Analysis ^

11 -1 -1 1

-1 11 -1 1
is used to estimate

-1 -1 11 1

1 1 1 11 J

the matrix _1

4032

M-

*2*4

L^3 6 _

13 1 1 1 1 1

1 13 -1 -1 -1 -1
1 -1 13 -1 -1 -1
1 -1 -1 13 -1 -1
1 -1 -1 -1 13 -1
1 -1 -1 -1 -1 13

is used to estimate

^6

*1*2

*1*4

*2*5

*4*5
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DESIGN 2^3^ continued:

estimate

13 -1 1 -1 1 -1
-1 13 1 -1 1 -1
1 1 13 1 „i 1

1matrix -1 -1 1 13 1 -1
4032 1 1 -1 1 13 1

-1 -1 1 1 13
r
- -) r

^4

A1A3

AiAg

^3^5
^5^6

^2^3
^2^6
A3A4

A4A6

is used to

the matrix -

—

80

9 -1

1 9
is used to estimate

24
A^Bi

*5®1
24

*1^2

*5®2
24

^1®3
24

AjB
4

^«4

24

72

72

‘

^2^
"

.
*4®1

J

)
24‘

*2®2

/4®2 .

} 24
*2®3

,^4^3 _

>

1

1

h^l
9 > 72

^®2
^ 2 > 72

^1®3
) 72

A5B2
L^5®3 j

0 } 72
^2®2

> 72
•*2®3

9 f 72

"^4®!
_

/4®2 J
_"'4®3

J

*2«4
A4B4

* 5®4

M

tS3
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6 4
DESIGN 2 3 continued;

the matrix 1 9 1
is used to estimate

80 1 9

24 )
24

^3^2
, 24

^6®3
) 24

72 9 ) 72
^3®2

9 , 72
^3®3

9 > 72

_ J ^
^6®2

J
“^6®3

Construction

Sets of Treatment Combinations from the 2®

Set ®2 ®3 ®5 ®7 ®8

X1+X2+X3 a 1 1 1 1 0 0 0 0

X3+X4+X5 = 1 1 0 0 1 1 0 0

X1+X3+X5+X6 = 0 1 p 1 0 1 0 1

Xi+Xg+Xs+X^+Xg+Xg ss 1 1 1 1 1 1 1 1

)

Treatment Combinations

®2 ®3 ®4

111000 001000 010000 100000
010011 100011 111011 001011
100101 010101 001101 111101
001110 111110 100110 010110

N

(M
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DESIGN 2
^
3

'^ continued:

Sq 3
2

C’'

**3o0

000100 000010 000111 000001
lOllll 101001 101100 101010
011001 011111 011010 011100
110010 110100 110001 110111

Sets of
r

Treatment Combinations from
4

the 3

Set <
f

r\

'^2

1 t (

Q ri n
3 4 5

1 f

U(. Oj
t t

q 0Og Wg

= 0 0 oil 1 2 2 2

Z2+2Z3+Z4 = 0 1 2 0 1. 2 0 1 2

Treatment Combinations

s' s!
3 4

0 '

^8
q *

^9

0000 0001 0002 1000 1001
,
1002 2000 2001 2002

1110 1:111 1112 2110 2111 2112 0110 0111 0112
2220 2221 2222 0220 0221 0222 1220 1221 1222
1201 1202 1200 2201 2202 2200 0201 0202 0200
2011 2C12 2010 0011 0012 0010 1011, 1012 1010
0121 0122 0120 1121 1122 1120 2121 2122 2120
2102 2100 2101 0102 0100 0101 1102 1100 1101
0212 0210 0211 1212 1210 1211 2212 2210 2211
1022 1020 1021 2022 2020 2021 0022 0020 0021
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DESIGN 2^3^

There is one factor at 2 levels and there are five

factors at 3 levels. 62 effects are estimated from 162

treatment combinations. This is a 1/3 fraction.

Experimental Plan

^1^1 ^2^2

Analysis

Completely Orthogonal

Construction

Sets of Treatment Combinations from the 2^

Set S^ Sg

= 0 1

Treatment Combinations

0 1
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DESIGN 2^3^ continued:

Sets of Treatment Combinations from the 3

Set
I I

1

Treatment Combinations

00000 00111 00,222. 10000
11100 1 3. 2 1 3. 1 1 0 2 2 2110 0

22200 220ir
.

22122 02 2 00
2001

0

20121 20202 00010
OHIO 01221 01002 1 3. 1 1

0

.12210 - 1 2 0 2 1 12102 22 2 I'O

1002 0 10101 10212 . .20020
2112 0 -21201- 21012 01120
02220 02001 . 02112 .12220
01200__ 01011 0112 2 1 1200
12000 12113. 12222 .22.0.00

2010 0 2021 1 20022 00100
21210 21021 21102 01210
02 010 02121

'

022 0 2 • 12010
10110
11220
22 020
00120
02100
10200 _

21000
22110 ..

00210
.11010
1212 0

20220 .

01020—

10221
1 1001
22101
00201
02211
10011
2111

1

Z2221
00021
1 1121
12201
20001
0110 1

. DO 0 2.,

11112
22212
00012
0 2 02 2.

10122
21222 ,

22002
.

00102
.

11202 ..

12012
20112
01212

.20110
212 2 0

0202 0

10120
12100 .

2020 0

01000
02110
10210
21010
22120
002 2 0

1102.0

10111
2121

1

02 01 1

00121
112 2 1

2 2 0 2 1

26161
0 1

2

0 1

12 001
3, 1 0 1

1

22111
0021 1

01021
12121
2022 1

21001
02101
10201
12.211
2001

1

0 1 1 1

1

0222 1

10021
.

21121
222 0

1

00001
11101

10222
21022

'

0,212 2

00202
11002

'. 22 102 .

20 21

2

01012
1211 2

. 11122 .

22222
- 00022 .

01102
-- 12202
2 00 0 2

2.1112 .

02212
10012
1

2

02 2

2 0 1

2

2 -

0122 ?

02 00 2 .

10102
- 21 -202-
22012

- 00112 .

11212
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DESIGN 2^3^

There are two factors at 2 levels and five factors

at 3 levels. 74 effects are estimated from 162 treatment

combinations . This' is' a 1/6 fraction.

Experimental Plan

^2^3

Analysis

The matrix 3 1

1 3

is used to estimate

144

^^2
144 96 A^Bi 96 ^®2

^2®2

96 ^1®3

^2®3

96
A1B4

^2«4
96

^2^5

*2®3

288 288
a^bI

2~^
2

288
A
1
B
4

,
288

. ^2
^2^4

L -J

^2®5
288
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DESIGN 2^3^ continued;

Construction

2
Sets of Treatment Combinations from the 2

Set S^ S2

X
1
+X

2
“ 0 1

S6ts of

Set

Z1+Z2+Z3+Z4+Z5 - 0 0 0

Z1+Z2+2Z3 - 0 12
Treatment Combinations

si
-

_oo.oo.o_ 22101 -.02100.^ _21201._ . 01200 "
-2.0.001-

21000 20211- 20100 22011 22200 21111
_.12Q00_ 11211 -lllOO.- -1001 1_. 10200 -1.211.1-
10116 -02 211- 12210 ' 01011 ' 11010

.
00111 '

-01110_. 00012 LOO2IO-. .-02112- _D2aiO__ _ 01212.J
22110 -2-1012-

• 21210 20112 20010 22212
2022CL 12012 ^_2202 0_ -- -11112.- -21120 - - 1.02.12 -.

-U220- _.10122-- 10020 12222 12120 11022
02220 01122 - 01020-. -0.0.22.2..- -0.01 2 0_ -.02022-

-0002-1 22122- 02121 21222 01221 200-22
,

.
21021 20202 -20121- .-2.2002- -22221-- .-2110.2-.

,-12.0.21- _-.11202- 11121 10002 10221 12102
10101 02202 ' -1220.L- --.0_10-Q2- _11Q01. 00102

-OllOO- . 00201 02001

Treatment Combinations

00 10
11 01
00 10
11 01

5Treatment Combinations from the 3

f f t

s. s„ S^
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DESIGN 2^3^

There are three factors at 2 levels and five factors

at 3 levels. 87 effects are estimated from 216 treatment
t

combinations. This is a 1/9 fraction. Set is omitted

when the pure B effects are estimated.

Experimental Plan

®1®1 ^2^2 ®3®3 ^4^4

Ana lysis

Completely Orthogonal

Construction

3
Sets of Treatment Combinations from the 2

Set S, S„ So S.
1 2 3 4

x^+Xg « 0 0 1 I

X1+X3 “0 1 0 1

Treatment Combinations

000
111

001
110

010
101

100
oil
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DESIGN 2
^
3
^
continued

:

5
Sets of Treatment Combinations from the 3

t t f f

Set 83 S3 ®4

Z1+Z2+Z3+Z4+Z5 - 0 0 0 1

Zj+Z2+2Zg a 0 1 2 0

Treatment Combinations

00000 02100
21000 20100
12000 11100
10110 12210
OHIO 00210
22110 21210
20220 22020
11220 10020
02220 01020
00021 02121
21021 20121
12021 11121
10101 12201
01101

. 00201
22101 21201
20211 22011
11211 10011
0221 1 01011
00012 02112
21012 20112
12012 11112
10122 12222
01122 00222
22122 21222
20202 22002
11202 10002
02202 01002

01200 :
00001

22200 21001
10200 12001
11010 10111
02010 01111
20010 22111
21120 20221

12120 11221

00120 02221

01221 00022

22221 21022

10221 12022

11001 10102

02001 01102
20001 22102
21111 20212
12111 11212

00111 02212

01212 00010

22212 21010

10212 12010

11022 10120

02022 01120

20022 22120

21102 20200

12102 11200
00102 02200
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DESIGN 2^3^

There are four factors at 2 levels and five factors

at 3 levels. 101 effects are estimated from 324 treatment

combinations . This is a 1/12 fraction.

Experimental Plan

S3S3

Ana lysis

The' matrix
432

^1^2

2 11
12 1112

^2^3
A2A4

is used to estimate

*1*3
A1A4

, and

the matrix —
3

3 1

1 3
is used to estimate

288
A
3
A
4

L _

>

192 ""381

A
4
B
1

L J

i

192 V2

'

^4®2
... —

192 *3®3
i 192 "'3«4

_
A
4
B
4

J
192 "'3®5
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DESIGN 2^3^ continued:

576

C~~

9 , 576 0 , 576
^^3^3

9

. _

^ —

. 2 , 2

576
^3^4

9 576
^3^5

9
A
4
S
4 4 5

— --

Construction

4
Sets of Treatment Combinations from the 2

Set Sj^ S
2

X1+X2+X3 =0 1 0

x,+x„+x. =0 0 112 4

Treatment Combinations

Si ®2 S
3

0000 0010 0001
1100 1110 1101
1011 1001 1010
0111 0101 0110
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DESIGN 2*^3^ continued;

5Sets of Treatment Combinations from the 3

* I »

Set
v

So ^3

Zl+Z2+Z3+Z4+Zg 8S 0 0 0

Zj+Z2+2z3 ta 0 1 2

Treatment Combinations

^^3

00000 02100 'H. 200
? 1.000 20100 22 20 0

12000 11 100 10200
10110 12210 llOlf.'

OHIO 00210 02010
22110 21210 20010
20220 22020 21120
11220 10020 12120
02220 01020 00120
00021 02121 01221
21021 20121 22221
12021 1112

1

10221
1 n'l 0

1

12201 11001
0 1 1 0 1

-
0 0201 02 001

22101 21201 20001
2021 1 22011 21111
11211 10011 12111
02211 01011 00111
0 0012 02112 01212
21012 20112 22212
12012 1 1 1 1.

2

10212
1012 2 12222 11022
01122 00222 n 2 n 2 2
22122 21222 2 2 2
2('202 22002 , 2.11'.

11202 10002 1 2 1 0 2

02202
,

01002
,

O'; 102
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DESIGN 2^3^

There are five factors at 2 levels and five factors

at 3 levels. 116 effects are estimated from 432 treatment

combinations. This is a 1/18 fraction. Set S^S^ is omitted'
when the pure B effects are estimated.

Experimental Plan

^1®1 ®2^2 ®3^3

Analysis

Completely Orthogonal

Construction

5
Sets of Treatment Combinations from the 2

Set Si S3 S4

X1+X2+X3+X4+X5 = 1 1 1 1

X-, +X2+X2 = 1 0 1 0

Xo+X .

3 4
as 1 1 0 0

Treatment Combinations

^2 S3 S4

00100 00010 10000 00001
11100 11010 01000 11001
01011 01101 mil OHIO
10011 10101 00111 10110
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DESIGN continued:

Sots of Treatiaeat Combinations fi-on- the 3

Set

pL't; 4-'Z

0 vJ

1 k )

= 0

= 0

0

1

Treatment Coi.:bina t ions

1

s'
1 '2

3

00000 02100 01200
21000 20100 22 2 00
12000 11100 10200
10110 12210 11010
OHIO 0 0210 02010
22110 21210 20010
20220 22020 21120
11220 10020 12120
02220 01020 00120
00021 02121 012 21
2102:. 20121 22221
12021 11121 1022 1

1010] 12201 11001
01101 - 00201 02 001
22101 21201 20001
20211 22011 2 1 1 ], 1

11211 10011 12111
02211 01011 00111
00012 02112 01212
21012 20112 22212
12012 11112 10212
10122 12222 11022
01122 00222 02022
22122 21222 20022
20202 22002 2110 2

11202 10002 12102
02202 01002 00102

^'4

00001
21001
12001
10111
01111
22111
20221
11221
02.221
0002 2

21022
12022
10102
01102
22102
20212
11212
02212
00010
21010
12 010
10120
0112 0

22120
20200
11200
02200
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DESIGN 2^3^

There is one factor at 2 levels and there are six

factors at 3 levels. 86 effects are estimated from 243

treatment combinations . This is a 1/6 fraction.

(

Experimental Plan

^2^3

Analysis

The matrix

216
)

,
144

i
L _

144
Bs

A, B^ ^
144

1 5
'

3 -1

' -1 3

A^Bi

^6

^1®6

is used to estimate

144

432

®2

^1^2
, 144

. 432

«3

^ 1^3

^2

B
144

L

432
B

432
®4

432 432

Construction

Sets of Treatment Combinations from the 2"

Set

0 1

CQ

W
CO
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DESIGN 2^3® continued

:

Treatment Combinations

0 1

Sets of Treatment Combinations from the 3
6

Set
I

2^+23+Z4+Zg+2z IS

6
0 0 0

^2+2z„+Zp.+2z3 o 6
0 1 2

Treatment Combinations

si

_Q.Q000Q_ -00.0011 000022 010000 —010011_ • 010022
110020 110001 '...110012 - - 12 0020. ..

.120001 120012
_220010.. „,2 2.0 02.1. 220002

.

200010 200021 -,.2 0000 2-
' 101010 101021 101002

1

— 111 010- 111021 111002
_211000._, _..21,1.0il_ 211022 221000 221011 ,-221022
021020 021001 -0 21012...: .-001020- 001001 001012

_2 0.2 02-0- _ 2..02 00 1

.

202012 21202P -..212001-. .
212012-

012010 012021 " .012002.. _ 0 2201CL- • 022021 022002
- 122000- -.12.2011... 122022

I 102000 . 102011 -102022
200100 200111 20012 2,. .-210100- 210111 210122

._010120 ._0 1.0 101. 010112 020120 020101 -02.0112-
1'20110 120121 . .1.20102.. L-100110 . 100121 ' 100102

_P011IC_ -001121- 001102 011110 —0 11121.. .011102,-
111100 1 1 1 1. 1 1 . ...11112.2.. -..-.121100- 121111 1. 2 1 1 2 2

..2,21120. -_2.2.1 10.1... . 221112 201120

.

-201101_ -2,01 112..

102120 102101 102112..' .— 11212 0..-. 112101 112112
212110 -21212.1.. 212102 ’ 222110 222121 -

-222102-
022100 022111 ...0 22 12 2... . 0 02100...: 002111 002122

J. 0020 0 -..1.0.02 1

1

100222 110200 -.110211.- -110222-
210220 210201 .210212.. -.220220- 220201. 220212

.

020210 ...0 20221 0 2 02 0 2' 000210 C 00221 ...0.0 020.2-,
20121

0

201221 201202 ^.211210 .

211221 ' 2112,02
011200

.
011211. 011222 021200 021211 021222.

_.121220_. 1 2 ,1 2 0 1 _...121212 101220 101201 101212
002220 002201 002212 0 1 2 2 2 0 012201 012212-

_1 12210 112221 112202 122210 122221 1 2 2 .2 0 2

222200 -222211 222222 .
202200 202211 .„202222



DESIGN 2^ continued;

s»
3

020000 '0 20011 . ,020022
10002.0 100001 100012
210010 210021 21C002
121010_ - 12102 I-' 121002

1

201000 . 201011
.
201022-'

011020 ;
-011001

.

011012
222020

'

222001
'

, 2 22012
_C02 010_ -002021 002002
112000 112011

,
',.112022-

2 20100_„ -220111- 220122
' 000120 00010

1

,.000112 ,

iioiio _ 110121- 110102

,

021110 021121 _0 2110 2-
....ionoo._ -101111-1 1011 2 2

211120 211101 ' -211112
\A 22 120.. -.122101- 122112
1
202110 , 202121 -202 10.2-,-,

'_.0121Q.0_. -0121-11. 012122
120200 120211 -,1202 2 2-

200220_ .-2002-01- 200212

,

01G210 010221 010202 -

L221210_ -221221- 221202
001200 • 001211 .-0 0,122 2,

'_'111220_ -111201-. 111212
1 022220 022201

I

-0 2.22 1 2._

_102210_ '.-1.02221. 102202
212200 212211

,

2 1222 2-.
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DESIGN 2^3®

There are two factors at 2 levels and six factors

at 3 levels. 100 effects are estimated from 486 treatment

combinations. This is a 1/6 fraction.

Experimental Plan

^2^2 ®1?8

Ana lysis

The matrix 1

3

r
3

-1

-1

3

is used to estimate

432
li

a A

.

,
432

^2 ^
288

,
288

'
A^Bj

'

^1^2
.

"'2®1
. •^ir. ... .r

*2®2_

288
^1®3

,
288

'
a.b^

'

,
288

’

,
288

’
AlBg

^2®3 ^2®4
-
^2°5

_
^2®6

864
a^bI

n , 864 h4
o

.

> 864
Â 13

o >
864 o

^2«?
L J

^25
_
V4

. 2
A-, Bt A-. B^
1 5

9 ,
864 1 6

_
^2^5 AgB^

1—

864
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DESIGN 2^3^ continued:

Construction

Sets of Treatment Combinations from the 2^

Set S

X
1
+X

2
- 0 i

Treatment Combinations

00 01
11 10

Sets of Treatment Combinations
6

from the 3

Set si si

Z^+Z
3
+24+Zg+2 Zg - 0 0 0

Z2+2Z3+Zg+2Zg - 0 1 2

Treatment Combinations

si

000000 022100 202001 011211 120102
110020 100200 012021 121201 001102
220010 210220 ' 122011 • 002201 111122
101010 020210 200111 112221 221112
211000 201210 010101 222211 102112
021020 011200 120121 000022 212102
202020 121220 ' 001121 110012 022122
012010 002220 111111 220002 100222
122000 112210 221101 101002 210212
200100 222200 1,02101 211022 02 Q202
010120 000011 212121 021012 201202
120110 110001 022111 202012 011222
001110 220021 100211 012002 121212
111100 101021 210201 122022 002212
221120 211011 020221 200122 112202
102120
212110 :

021001 201221 010112 222222
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2^6
DESIGN 2 3 continued;

010000 002100 212001 021211 100102
120020 110200 022021 101201 011102
200010 220220 102011 012201 121122
111010 000210 210111 122221 201112
221000 211210 020101 202211 112112
001020 021200 100121 010022 222102
212020 101220 011121 120012 002122
022010 012220 121111 200002 110222
102000 122210 201101 111002 220212
210100 202200 112101 221022 000202
020120 010011 222121 001012 211202
100110 120001 002111 212012 021222
011110 2000,21 110211 . 022002 101212
121100 111021 220201 102022 012212
201120 221011 000221 210122 122202
112120 001001 211221 020112 202222
222110

'

3

020000 012100 222001 001211 110102
100020 . 120200 002021 111201 021102
210010 200220 112011 022201 101122
121010 010210 i 220111 102221 211112
201000 221210 000101 212211 122112
011020 001200 110121 020022 202102
222020 111220 021121 100012 012122
002010 022220 101111 210002 120222
112000 102210 211101 121002 200212
220100 212200 122101 201022 010202
000120 020011 202121 011012 221202
110110

, 100001 012111 222012 001222
021110 210021 • 120211 002002 111212
lOllOO

! 121021
: 200201 112022 022212

211120 '

201011 010221 220122 102202
122120
202110

011001 221221
,

000112 212222
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DESIGN 2^3®

There are three factors at 2 levels and six factors

at 3 levels. 115 effects are estimated from 486 treatment

combinations. This is a 1/12 fraction.

Experimental Plan

t t t f t t

1
S2S2 S3S3 S4 S4 ^

Analysis

11 -1 -1 -1
matrix -1 11 -1 -1

5184 -1 -1 11 -1

-
-1 -1 -1 11

^1^2
A1A3

^2^3

r

^ . 1 10 -1 -1
the matrix —

-1 10 -1
88

L -1 -1 10

*4‘^8 •^1*^9

is used to estimate

is used to estimate

54

VaiBi”
'
^1®2

'

A
1
B
3

, 36 ^2^1 , 36 ^2^2 , 36 ^2®3

A
3
B
1 ^3^2 ^3®3

36

A
1
B
4

A, A-, B^
1 5 1 6

, 36 ^2^5 , 36 ^2®6 , 108

J L
^3^5

J _ ^3®6
^
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3 6
DESIGN 2 3 continued;

108

2 2 2

, 108 *2®3 ,
108 A , 108

2 2 . 2
^3®2

J
*3»3

— L \

A^B

A3B

108

*1®6

*2®6

Construction

Sets of Treatment Combinations from the 2
'

Set

X1+X2 0

0

0

1

1

0

Treatment Combinations

000 001 010 100
111 110 101 Oil

oi

tss

tn

M

cn

M
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DESIGN 2^3^ continued;

0
Sets of Treatment Combinations from the 3

f » » I t f f f ?

Set ^2 ^6 ^8 S

Zi+Z3+34+Zg+2z6 “ 0 0 0 0 0 0 0 0 0

z„+2Zo+Zc+2z,, =“

^ 0 0 0
0 0 0 1 1 1 2 2 2

Z
1
+Z

2
+Z

3
+Z

5 - 0 1 2 0 1 2 0 1 2

Treatment Combinations

0 00000
' 010120
020210 _
1 0 1 0 1

0

_ 1 11100_
121220

_.2 02 020__
212110

. 22220g_
200111

. 2102Q3_
220021
_0Q112I__
011211
_Q2100_L_
102101

_1 12221_
12201 1

_100222„
1 I 0 OI 2

_1 2010 2_
' 201202
2 1 1022 _
2 2 1, 1 1 2

_002212
,

012002
.022122 .

211000 .

_ 2 2 1 12 0

201210
0 1 2 0 ]. 0

022100
„002220_
110020

^ 120110_
160200

! miii_
121201

_101021_
212121

.--2 2.221.L_
202001
0101

0

_1__

020221
lO Q 00

1

1_
^
011222

__Q , 2 .
1012 .._

001102
1 12^2 0 2 _'

122022
_ 102112_
210212 '

220002
200122

122000
._ 10212 0_,

112210
._.,2 20 01 Q„_

2001 00
_ 21022 Q _

021020 ,

_0011I0._
011200

.,_0 22111 „

002201
_Q120 2.L-

120121
:_ 100211 _

110001
_..2 2 1

1

.0

1

..

201221
,_2110.1L.
^ 2 2222 2 .

...20201 2 _

212102
2 02 0

. 2.2

000022
_ 010112

^

121212
_101002-
111122

1.2 0001 0
_

210100
.„.2 202 20.__

001020
0 1 1 1 1

0

021200
. 102000

1 12126
_. .122210„
100121

._1102 ll
120001

_„2.0 1.101..

211221
_..2 21011 ._

002111
012201
022021
000202 _

~ 010022
_020112 _
"101212
,
111002
1 2

1

], 2 2

202222
-2.12 012_
222102

.JJ.1010._
1 2 110 0

_.J.01220_
212020
2 22.1 10 .

202200
__Q.1000 0_.

020120
._Q 0 02 1.0,.

C 1 1 1 2 1

_0 2..1 .211 _

001001
...11 2

1

.0 .1_

], 2 2 2 2 1

.. I 02 0
.1 ,l_

210111
_.2.2.Q 201 .

200021
„.21120 2 ..

^ 221022
._ 201 11 2 .

.
012212

...0 22 op 2 .

002122
..-.1 1022 2-

120012
_ lp 0_10 2_
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DESIGN 2^3^ continued:

9

022010 100020 011020 ,22202Q_
002 100- ...11 01 IQ.. , 021110 202110
012220 120200 _.oai 20.o_ _2122 0„0_

. 120020 ..2,01 00 0_ 112000 020000
100110 211120 _.l 221 2.0. _ ' _000120_
110200 ,_2 2121.0.. 1,02 210 010210
221000 002010 ._210010._ ._,121010__

-_2:01120 _012100._ 220100 101100
211210 022220 ...200 220 _ 11122 ,

Cl
.

_ 222121 „.Q.OQ10L. 211101 122101
202211 010221 221221 102221

t_212001 ._020011_ 201011 1 12011
020 lUl 101111 012111 _ 2201 11

,_ilQ0.2 2 1 _ 111201 • 022201
,

200201
010011 121021 002021 210021
121111 L.2 02 1 2

1

1 1012i 021121
^ 101201 212211 120211 001211
__111021 222001 ,

looooi OllOOl
122202 200212 1 11212__ _0_22212

..102022 .

210002 -1-21 0.0 2..' 002002
112112 220122 101122 012122

' 220212 •

. 001222 .212222 . . 120222 ,

_.200002_ 011012 222012 '100012
210122 :_021102 _202102_ 110102

L021.222 . 102202- . 010202 .2 21 202

_

001012 ..1 12022- ..0.20.02 2.., 201022
_01:11Q2_ 122112 000112 .211112^.
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DESIGN 2
^
3
^

There are four factors at 2 levels and six factors

at 3 levels. 131 effects are estimated from 486 treatment

combinations. This is a 1/24 fraction.

Experimental Plan

« f

2 2'1^1 S3S3 S4S4 ®5®5 ®6®6 S7S7 ^8^8 S„S
8 9

Ana lysis

The matrix
6480

14 1 1 -1 -1 1 1

1 14 -1 1 1 -1
1 -1 14 1 1 ~1 -1

-1 1 1 14 -1 1 1

-1 1 1 -1 14 1 1

1 -1 -1 1 1 14 -1
1 -1 -1 1 1 -1 14

is used to estimate

|i

^1^2
A1A3

A1A4

^2^3
A2A4

A3A4

L_
96

11 1 1-1
1 11 -1 1

1 -1 11 1

-1 1 1 11

and the matrix is used to estimate
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4 6
DESIGN 2 3 continued;

r^i ^®3

54 ^2
, 36 ^2®1

, 36 ^2^2
, 36 *2®3

^3 A3B1 ^3®2 ^3^3

.
*4

.

.
^4®2

.
^4®3

36

108

- -- "

Ai®4 Ai®5 Ai ®6

*2®4 , 36 *2®5 , 36 *2®6

^3®4 ^3®5 *3®6

^4®4 ^4®5
. . ^4®6

_

108

AiB2

^4®?

2 2 2

^l®2 *1®3 *1®4
2 . ^2

*2®2
, 108 ^2^3

, 108
A2B4

, 108
. «2 2 2
As®2 As«3 As^4

2 2 2

[
A4B2

J
LA4B3J 4 4

^®5

*2®5

*3®l

*4®5

108

2
6
2
6
2
6

4 6

^1®6

^2®6

^3®6

Construction

Set

Sets of Treatment Combinations from the 2

S-, S„ S„ S^ S S^ S„
1 2 3 4 5 6 7 '8

X1+X2

X1+X3

X1+X4

0

0

1

0

1

1

1

0

1

0

0

0

0

1

0

1 1

0 1

0 0

Treatment Combinations

0001
1110

0011
1100

0101
1010

1000
0111

0000
1111

0010
1101

0100
1011

'8

1001
0110
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DESIGN continued:

6
Sets of Treatment Combinations from the 3

I » I I I » t I I

Set Si ^2 S3 S4 S5 Se Sr,
7 Ss ^9

Z^+Z3+Z_j+3g+2Zg s 0 0 0 0 0 0 0 0 0

sa 0 0 0 1 1 1 2 2 2

Zi+Z2+Z3+Zg as 0 1 2 0 1 2 0 1 2

Treatment Combinations

s’ s’ s’ S,’ s’
1 2 3 4

000000 211000 122000 ' 200010 111010
010120 221120 102120 210100 121100
020210 201210 112210 220220 101220
101010

,

012010 220010 001020 . 212020
111100 022100 200100 on 110 222110
121220 002220 210220 021200 202200
202020 110020 021020 102000 010000
212110 120110 001110 112120 020120
222200 100'200 011200 122210 000210
200111 111111 022111 100121 011121
210201 121201 002201 110211 021211
220021 101021 • 012021 120001 001001
001121 212121 ' 120121

{

201101 112101
011211

'

222211 100211 ‘ 211221 122221
021001 202001 110001

'

' 221011 102011
102101 010101 I 221101 002111 210111
112221 020221 201221 012201 220201
122011 000011 . 211011 022021 200021
100222 011222 2 222 2 2 000202 211202
110012 021012 202012 010022 221022
120102 001102 212102 020112 201112
201202 112202 020202 101212 012212
211022 122022 000022 111002 022002
221112 102112 010112 121122 002122
002212 210212 121212 202222 110222
012002 220002 101002 212012 120012
022122 200122 111122 222102 100102
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DESIGN 2^6 continued:

c?
*

‘::6
9

022010 100020 011020 222020
002100 110110 021110

.
202110

012220 120200 001200 212200
120020 201000 112000 020000
lOOlIO . 211120 . 122120 . 000120
110200 221210 102210 010210
221000 002010 210010 121010
201120 012100 220100 101100
211210 022220 200220 111220
222121 000101 211101 • 122101
202211 010221 221221 102221
212001 020011

,
201011 112011

020101 101111 012111 220111
000221 111201 022201 200201
010011 1 121021 002021 210021
121111 202121 ‘ 110121 021121
101201 212211 120211 001211
111021 222001 100001 011001
122202 200212 111212 022212
102022 210002 121002 002002
112112 220122 101122 012122
220212 001222 212222 120222
200002 011012 222012 100012
210122 021102 202102 110102
021222 102202 010202 221202
001012 112022 020022 201022
011102 122112 000112 211112
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DESIGN 2^3^

There is one factor at 2 levels and there are seven

factors at 3 levels. 114 effects are estimated from 243

treatment combinations. This is a 1/18 fraction.

Experimental Plan

2 2 ®2®3

Analysis

The matrix 3 -1

1 3
is used to estimate

216

144

A. , 144

B,

432

®1

A^Bi
144

«2

^1^2
144

®3

A1B3 , 144

P

144
f

®6 144
f ,

432
2

,
432

A1B7
L L —I

.,2 t.2

,
432 , 432 ®5

,
432 ®6

,
432

2 2 2

. J - L

®4

A1B4

4

b:

A^B

Construction

Sets of Treatment Combinations from the 2^

Set

0 1

10
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DESIGN 2^3^ continued

:

Treatment Combinations

!i
0

Sets of Treatment Combinations from the 2 ^

t I I

Set Si S
3

Zi+Z3+Z4+Zg+2Zg = 0 0 0

Zf,+2Zo+Zr^+2Z^+Zr7 =
2 3 5 6 7

1 1 1

Z-^-\-Z^-¥2,^+Z^+2’Zrj = 0 1 2

Treatment Combinations

;2000100.

.

2120120 1 1 1 11 1

1

0102102
0010200 -0201120... ., 2121211 1112202 .

10 20000..;
, 1211220 0202211

*

2122002
2101000 -2221020_ ,1212011. .2100212 .

_0111100_ 0002020 2222111 0110012
1121200 -101212 a. •22 00021. . 1120112

. 2202200_, 2022220 ! 0210121 ‘ 2201112
0212000 - 1100201-..

j 1220221 ,
02 1121 2 „

_ 122 2 100.' 2110001 2001221 . 1221012
12 00010 •: -.0120101.-

. 0011021

.

2002012
,.2210110„ 1201101 1021121 0012112
02 20210 ._2211201_

. 2102121 1022212
.1001210. 0221001 0112221 ^ 1000122
2011010 . 10 0,2 001- _.l 122 021 ,' 2010222

'

- .002,1110 2012101 0200002 - 00 2002 2-

-1102110.: ,-,0022201- .,121010 2. 1101022
2112210 0000111

'

2220202 2111122.
.-0.122010 , ... 101'0211 0001202

.

0121222
0100220 202,0011 1011002

,

1202222_

-111.002.0 .-OlQlOll . .2021102 -
2 212 02.2

0222122.
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DESIGN 2^3
'^

continued

:

-2D.0,0210_„ ,-,21 2,0.2 OIL- .-.11112ZL-, 0102212
ooiooiy i

0201200 2121021 . .1.112.0,1.2....-

1.020.,U-0.„„ 121 1000 .02 02 021 2122112

2101 1 ]. 0
' 2221100 1212121 ... ,2,100022...

...0111210.... : .P002.100_,„ _22222 2j 011012 2

1121010 1012200 2 2 00101, .112.0.22 2

..22-0.2.0.1 Q._.' 2022000 .0,210,201, 2201222
0212110 11 000 11 1220001 .0.21.102.2,. ,

.-.122,22-10.-.- 2110.111 .2,001001
,

1221122

1200120 0120211 0011101 .. 2 00,2. 12.2

_

..-2 21022.0.-. 12 012 1 J,
,10 21201,, 0012222

0220020 2211011 2102201 ...10 2202.2...

'._10.C1.0.2.0_. . 0,221 1U...„ 0112.001 ' 1000202
. 2011120 1002111 1122101 ,-2.010.0,.0 2-,

-..0.02.12 20.-' , ,2,Q12 2_.L1,.. 0200112 0020102

1102220 0022011 ..12.10.212,-,. .1101102.

. 2112020. 0000221 2220012 211 1202

0122120 1010021 ',..00 01.0,12. . 012100 2

.-,0,100000... .2020121. 1 0 1 3, 1 1

2

1202002

1110100 ' 0101121 2021212,. . 2 212102 ...

. •, 0222202

2000020 2120010 .1111001,. ,0102022

001,0120... .02 0,1.010... 2 1 2 1101 1 1 1-2 1 2 2

. 1020220 1 2 1 3. 1 ]. 0 ,0 2.02101,.' 2122222
210122.0

.. 22 21210. 1212201 2 100 10

2

0111020 ' 0002210 2 22200,1.. , 011020 2,.

1121120 1012010.. 2200211 1120002
2202120 2022110 -.02 10.0 11,', .

2201002

,, 0.212 220... 1100.121 122011 1, 0211102
1222020 2110221 ....20,0,1.1.1 1... 1,2212.02

12 002.0 0 0120021 0011211 2002202
2210000 1201021 .lQ2I.Qa,l,_ 0012002

.

.
0220100, . 22 11121.. 2102,011 1022102
1001100 0221221 „ ... 0112111,.' • iodooi.2_.

201120.Q...._ 1002221 1122211 2010112
0021000 2012021 ...0,2 00,222.

.

0020212
,-11020,00. 0022121 1210022 1101212
2112100 0,Q.0.QQ.Gi . .2220,122 2111012

__0122200 1010101 0001122 .' 0 3, 2 1 1 1

2

0100110 ..202020.1 1011222 ' 1202112
1110210 0101201 2021022 2212212

0222012
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DESIGN 2^3^

There are two factors at 2 levels and seven factors

at 3 levels. 130 effects are estimated from 486 treatment

combinations, This is a 1/18 fraction.

Experimental Plan

^2^2 S1S3

Analysis

The matrix —
3

3 -1

-1 3
is used to estimate

432 It 432

' '

288 'AiBi

'

^1^2 CM
<

1

/

*2®1

288
^^2
^2®2

A.B
, 288

1 0 288
>

-^2^3
y

288

864

^^5
A2®5

> 288
^2®6

, 288
A.B?

^2®7
> 864

9

'

, 864

9 864
A B^^1^4

9 r 864 9 ^ 864

L.

> 864
'‘2^3 *2^4 ^2®5

-

A^B

A
2
B

A^B
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DESIGN 2^3^ continued:

Construction

Sets of Treatment Combinations from the 2
'

Set

Xi+Xg 0 1

Treatment Combinations

2

00 01
11 10

Sets of Treatment Combinations from
7

the 3

» f »

Set Q
.>2 ^"3

Zl+Z3+Z4+Z5+2zg sac 0 0 0

Zo+2z„+Zp+2z^+z:„
2 3 5 o 7

= 1 1 1

S3 0 1 2

Treatment Combinations

2000100 2112210 0221001 2001221 0110012
0010200 ^ 0122010 1002001 0011021 1120112
1020000 ‘ 0100220 2012101 1021121 2201112
2101000 1110020 1 0022201 2102121 0211212
0111100 2120120 0000111 0112221 1221012
1121200 0201120 1010211 1122021 2002012
2202200 1211220 2020011 0200002 0012112
0212000 2221020 0101011 1210102 1022212
1222100 0002020 1 1111111 2220202 1000122
1200010 1012120 2121211 0001202 2010222
2210110 2022220 0202211 1011002 0020022
0220210 1100201 1212011 2 021102 1101022
1001210 2110001 2222111 0102102 2111122
2011010 0120101 2200021 1112202 0121222
0021110 1201101 ,

0210121 2122002 1202222
1102110 2211201 1220221 .2100212 2212022

0222122
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DESIGN 2
^
3
^ continued:

(r>

2000210 2112020 . 0221111 2001001
0010010 0122120 1002111 0011101
1020110 0100000 2012211 1021201
2101110 1

1110100 0022011 2102201
0111210 2120200 0000221 0112001
1121010 0201200 1010021 1122101
2202010 1211000 2020121 0200112
0212110 2221100 0101121 1210212
1222210 0002100 1111221 2220012
1200120 1012200 2121021 0001012
2210220 2022000 0202021 1011112
0220020 ' 1100011 1212121 2021212
1001020 2110111 ' 2222221 0102212
2011120 0120211 2200101 1112012
0021220 1201211 0210201 2122112
1102220 ' 2211011 1220001 2100022_

0110122
1120222
2201222
0211022
1221122
2002122
0012222
1022022
1000202
2010002
0020102
1101102
2111202
0121002
1202002
2212102
0222202

‘^3

2000020 2112100 0221221 2001111 0110202
0010120 0122200 1002221

1

0011211 :

:
1120002

1020220 0100110 2012021 • 1021011 2201002
2101220 1110210 0022121 , 2102011 0211102
0111020 2120010 0000001 0112111 1221202
1121120 0201010 lOlOlOl

i

1122211 2002202
2202120 1211110 2020201 0200222 0012002
0212220 2221210 0101201 1210022 1022102
1222020 0002210 1111001 2220122 1000012
1200200 1012010 2121101 0001122 2010112
2210000 2022110 0202101 1011222 0020212
0220100 1100121 1212201 2021022 1101212
1001100 2110221 2222001 0102022 2111012
2011200 0120021 2200211 1112122 • 0121112
0021000 1201021 0210011 1 2122222 1202112
1102000 2211121 1220111 2100102 .2212212

0222012
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DESIGH 2^3^

There are three factors at 2 levels and seven factors

at 3 levels. 147 effects are estimated from 486 treatment

combinations. This is a 1/36 fraction.

Experimental Plan

SiS, ®3®3 S4S4 S1S5 S2S6 S
3
S
7 ^4^8 S S„

4 9

The matrix

Ana lysis

11 1 1-1
1 11 -1 1

1 -1 11 1

-1 1 1 11

is used to estimate

IX

^1^2
A
1
A
3

L ^2^3

and the matrix

54

36

A.

A,

At B.
1 4

A2B4

^3«4

88

10
1

1

1

10
-1

1

-1
10

is used to estimate

A Bt

— "

At Brt A-. Bo

, 36
1 1

, 36
1 2

^2®2
, 36

1 3

^2®3

.

A
3
B
1 ^3®2

_

^3^3

^1®5
'

^1^6
'

, 36 ^2®5 , 36 , 36 ^2^7

AoB^ AoBo AoB„
3 5 3 6 3 7

J - . -
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DESIGN 2^3^ continued:

108

2 ^2 ^2
A,Bi

Â2 1 , 108 ^2^2 , 108 *2®3 , 108

2 2 2 .4

'

A„Bf AoB« AoBo
3 1 3 2

L-
3 3

108

A^B

A2B

A3B

'
A

^2®5
2

, 108
*2®6

, 108
^2®7

2

[ J
^3®6

J

Construction

Sets of Treatment Combinations from the 2‘

Set '4

X1+X2

X1+X3

0

0

0

1

1

0

Treatment Combinations

000 001 010 100
111 110 101 Oil

(N

N

(M
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DESIGN 2^ 2 ^ continued:

Sets of Treatment Combinations
f f I

Set ,

z., +z„+z .+z_+2z^
1 3 4 5 6

Zo+2Zo+Zr+2z^+Z„
^ o o o #

Z, +Zo+Zo+Zr-+2z„
J. Z o o 7

z, +2Zo+Zo+2z . +2 zr.+2 z^+2 zr71 2 3 4 5 6 7

0 0 0

11 1

0 00
0 12

from the 3^

< s; s;

0 0 0

1 . 1 1

111
0 12

0 0 0

1 1 1

2 2 2

0 12

Treatment Combinations

c,’
»

0000111 1010211 ...2.0.2001 L,.: 012021

1

110001

1

-1111X11- . -2121211-, 0101011
, -1.2.0 1 2 1

1

2211011
2222111 • 0202211 ,..12_120J..,1,_ 201221

1

0027-011
'

_-_0.Qll.02I_. .-IQ.21,121
! 2001221 0 1 0112 1‘ 111 122.1,.

1122021 : 2102121 ..01.1 22.2.1- ], 2 1 2 1 2 1 • 22 2.22 21
__22000,11_,' . .-02,1012 l._. 1220221

: 2.0 20.12.1. 0000221
0022201 1002001 -2Pl.21,0,:i_, 01 12001, 1122101

._110Q20i_ ..1.1,I.0,.D,.Q.1._ 0120101 ,

. 12 2QP01. 2200101,
2211201 0221001 -1 2 0 1.1.0 1-_ 20 01 001 0011101

_1.0,.Q2.,01.2.„- -0,01,2112- 1022212 2122117 ,..0,102 212.
0110012 1 1 2,0 1 1

2

,
2100212 .... 02001,12. 1210212

,.122101.2. ._22..0.1.112- 02 11212 10 ill 1-2 2021212
2010222 0020022 _.10..Q.0.122 .

2.1 00.02 2 0110122
,_OI212.22_; ...1101.022..- 2 1 1 1 1 2 2 0211022

.

.12 21122..
1202222 .2212022 ..0222,122..- . - 1022022 2007122

,-2Q211Q2.,._ _0. 0.0 12. 0.2.. 1011002 2111202 0121.00,2.
0102102 .11 12202

, 21,22.00.2.- „_-02.222 0.2_- 1202002
...1210.102 122 2.02.Q2_.

.
... 02-0000 2-' 1000202 2-01000 2

1 0 01210 2011010 ' 0021110 - .1.1210,10.. ^ 2101110
-2,1 122 10 _ ..,.Ql1 .220.10..., ..1102110._ 2202010 '

0212110
.

0220210 • 12 00010 2 2 1 C 1 1

0

.00.10,0.10.. 1020110
_...10.,12I2Q_ ..2.0 22 22Q,,, ' 0002020- 1102220 21 12.020

• 2120120 0100220
, 1110020 ,..-.2210220.. 0220020

._.Q2 01 12_Q__ ..1211220 _ . ,-222. 1.0 2.0... 0021220 10 01020,.
: 1020000 2000100 0010200 -...111.010 0. 212.02 00

._.2101P00__ ,-.Ql 11.10 0.,^ -..1.121 200- . 2221100 0201200
0212000. 1222100 2202200 . -00021 00.. .10.1.2.20.0,.
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DESI GN 2^ 3
^ continued

:

^7

2110111 L02 10011,
..0.2 2 1.1.1 1._, 110 21011
1002111 .2102011

: 2 121 02 1„. 1 0221221
0202021 1002221

_ 1 0_IQ0,2 1 . 2110221
2102201 L.0202101

..0210201 1
1
1010101

1021201 !
2121101

L.1.1 12012.J 2212212
2220012 0020212
.0001012 1101212

.
1120222 _222012 2

„2201222 0001122
0012222 Lll 12.12 2 .

1101102
'

i 2201002
2212102 _0pi 200 2.,

_ ,0020102 1120002
0111210 _.1211110 '

„1222 21.Q_ 2022110
2000210

1

- ..OlOOll.O...

,_012212p,.^' .

‘ 1222020
1200120 . ..20P,0,0.2.0_.

2011120 ,,0111020
0100000 ...12QC120P_

....1211000_ 2011200
' 2022000 „012220.0_

s’
9

1220111..' 2200211
i 2001111 0011211
" D11211L- 1122211

' 1201021 2211121
.2012021._ 0022121
0120021 1100121.

._12122.0..I_ 22 2200 1

2020201 0000001
-0101201 .

,1111001,..

0222012 .

1202112
_1000012..' !..2010112._

2111012 1 0121112
_02 00222... ' 121002.2..:

1

1011222 2021022

.2122222._ P102 0 2 2.._

0211102 : 1221202 •

_.10 22102 _,2002202_

2100102 0110202
, 2221210

,

..,02 01010._

0002210 1012010
1110210 _.212.001Q__

2202120 ,
0212220 -

0010120 LlO 20220

^

'n 211 20 • 2101220

2210000 _02.2 010.0,..

' 0021000 1001100
1102000 ,_Z1121Q.0_
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DESIGN 2^3^

There is one factor at 2 levels and there are eight

factors at 3 levels. 146 effects are estimated from 243

treatment combinations « This is a 1/54 fraction.

Experimental Plan

^2^2 ®2^3

Ana lysis

The matrix —
3

3 -1

-1 3

is used to estimate

216
|i

A. , 144

'

A-, B,
, 144

®2

An Bo
J

1 1
L J

1 2

144
®3

^1^3
144

^4

A1B4
144

B,

144

^1®6

144

1*^7A . a
144

^1®8

432 432 ®2

^1^2

432 ®3

432

\

t!0 ;

, 432 , 432 4 , 432 r 1
, 432

h4

B
M
CO
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design 2^3®' Sontinued:

Construction

Sets of Treatment Combinations from the 2

Set S^ Sg

= 0 1

Treatment Combinations

0 1

Sets of Treatment Combinations from the 3

Set

Zi+Z3+Z4+2Zg+2zg+Zg

z^+2z2+2zg+zg+z^

Z2+2z3+2Zg+z^

0 0 0

0 0 0

0 0 0

0 12
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1 8
DESIGN 2 3 continued

:

Treatment Combinations

1 00000000 21021020
:

imoooQ_. ._.02,OT0.120_..

22220000 1012012.0
_002 12100..^ 0212P0120_,
11022100 02222220
2210210.0_. 10002220^
00121200 21112220
112Q1200._ ... 0.2.2 11 0Q.1_

22011200 10021001
^1L12 0.20L0_ _ 2.110100 1_

12012010 02120101
,_2012201P_. ..,,1.02 00101
0 1 1 1 1 1 1

0

-21010101__,

^...12221110 _
02002201

20001110 10112201 '

_i)10 2Q21Q„, 21222201
12100210 00 11

0

.01

1

_

...,20_2I021P._ 11220011
02101020

'

-220000 11...^

10211020 00022111

111 102111 - -01210202 ..

' 22212111 12020202
.0.02012 , 11.- ,- 201002,0 2
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DESIGN cpn tinned:
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DESIGN 2^3^

There are two factors at 2 levels and eight factors

at 3 levels. 164 effects are estimated from 486 treatment

combinations. This is a 1/54 fraction.

Experimental Plan

Sgs;
,

Sj^s;

Ana lysis

The matrix
1

3

—

3 -1

-1 3
L

is used to estimate

r 1
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. 288
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DESIGN 2^3^ continued:

2 2 2
A, Bo A-,B^ A-. EZ

864
13

864
1 4

864
1 5

2 . 2 * J2

L
A
2
B
3

^2^4 ^2®5

2 . „2

864
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> 864
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2 2 . o2

\ [
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Construction

2
Sets of Treatment Combinations from the 2

Set S-, Sq
1 2

X
1
+X

2
=0 1

Treatment Combinations

00 01
11 10

Sets of Treatment

Set

Z2+Z3+Z4+Z5+Z6+27

Zt +Zo+Z -+2Zc+2z^+Zo
1 3 4 5 6 8

z^+2zg+2zg+zg+z,^

Z2+2z3+2Zg+Z7

Combinations from the

0 0 0

0 0 0

0 0 0

0 12

8



122 -

DESIGN 2^3^ cojitinued:

Treatment Combinations
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DESIGN 2
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DESIGN 2^3^

There is one factor at 2 levels and there are nine

factors at 3 levels. 182 effects are estimated from 243

treatment combinations. This is a 1/162 fraction.

Experimental Plan

Sl^i ®2®2 ®2®3

Analysis

r

The matrix — 3 -1

-1 3

is used to estimate
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DESIGN 2^3^ continued:
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1 9
DESIGN 23 continued

:

Treatment Combinations
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1 Q
DESIGN 2 3^ continued:
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